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Preface

Robotics is entering a period of unusually rapid change. For much of its history, capable robotic
systems were built by decomposing intelligence into carefully engineered components: perception
estimated the state of the world, planner generated trajectories, controllers converted those trajec-
tories into forces and torques, and task logic coordinated the system as a whole. This approach
remains fundamental to modern robotics, but it is increasingly being complemented by large learned
models capable of connecting perception, language, reasoning, and action within a common archi-
tecture.

By mid 2020’s, the frontier of the field has moved substantially toward generalist embodied intel-
lrgence. Vision—language—action models can condition robot behavior directly on images, language
instructions, proprioceptive state, and other observations. Transformer-based policies, diffusion
and flow-based action generators, and large-scale imitation learning are increasingly being used to
produce continuous robot behavior rather than merely semantic predictions.

At the same time, robotics remains fundamentally different from static/digital machine learning.
A language model can generate an incorrect token with little consequence. A robot acts through
a physical body whose motion is constrained by geometry, dynamics, contact, friction, actuator
limits, latency, uncertainty, and safety. A successful embodied system must therefore connect
modern learning methods to the mathematical and engineering foundations of robotics.

Several problems remain especially important. Robot data are expensive to collect, and available
datasets remain small compared with those used to train language and vision models. Human video,
teleoperation, simulation, synthetic data, and autonomous experience are consequently being com-
bined to increase scale and diversity. Transferring knowledge between different robot embodiments
remains difficult. Long-horizon reliability, recovery from mistakes, manipulation under uncertainty,
contact-rich interaction, and generalization to unfamiliar environments remain substantially harder
than performing short demonstrations under controlled conditions.

The emerging picture is therefore not one in which classical robotics has been replaced by
machine learning. Instead, modern robotics increasingly combines several closely related areas:

1. Robot mechanics and kinematics - modeling configuration, motion, forces, and physical
interaction.
2. Control - regulating motion, force, stability, and contact behavior.

3. State estimation and sensor fusion - inferring pose, velocity, and other hidden states
from noisy measurements.

4. Computer vision and perception - extracting geometric, semantic, and task-relevant
information from sensor data.

5. Planning and optimization - generating feasible motions, trajectories, and action se-
quences under constraints.

6. Machine learning - learning perception, representations, policies, dynamics, and decision-
making from data.

7. Systems engineering - integrating computation, sensors, actuators, communication, and
software into reliable real-world robotic platforms.



Modern robotics is increasingly defined by the integration of these areas rather than by any one
of them in isolation, and understanding modern embodied Al requires fluency across all of them. 1
wrote a collection of chapters that I personally use to update myself on concepts quickly, whether
for work or for fun, and I hope it can be useful for you as well.
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Chapter 1

Classical Robotics

Classical robotics provides the mathematical and physical foundations for describing, estimat-
ing, planning, and controlling robot motion. This chapter develops the core tools used to represent
rigid-body geometry, model robot kinematics and dynamics, estimate state from noisy sensors,
localize and map the environment, plan feasible motion, and control physical interaction through
contact. These methods form the basis of modern robotic systems and provide the structure upon
which learning-based approaches, including imitation learning, reinforcement learning, and embod-
ied Al are built.

Robotics requires precise mathematical language for describing the position and orientation of
objects, sensors, links, and coordinate frames in three-dimensional space. A robot manipulator,
for example, may contain a base frame, several joint frames, an end-effector frame, one or more
camera frames, and coordinate frames attached to objects in the environment. Perception and
control algorithms must continually transform geometric quantities between these frames.

The mathematical structure underlying rigid-body motion is built primarily from the rota-
tion group SO(3) and the rigid-motion group SFE(3). Rotation matrices, Euler angles, axis—angle
representations, and quaternions provide different ways of representing orientation, while homoge-
neous transformation matrices combine rotation and translation into a single mathematical entity.
Lie-group methods, which are en extensions to the above, provide a local representation that is par-
ticularly useful for estimation, optimization, control, and simultaneous localization and mapping.

These concepts form the geometric foundation for the kinematics, state estimation, perception,
and manipulation methods developed later in this chapter.
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1.1 Mathematical Foundations of Robot Motion

1.1.1 Coordinate Frames and Homogeneous Transformations

A coordinate frame consists of an origin together with a set of orthonormal basis vectors. In
three dimensions, a frame {A} can be written conceptually as

{A} = (0A7-TAJA,?)A,73A)7

where 04 is the origin and the three unit vectors define the coordinate axes. A physical point
exists independently of the coordinate frame used to describe it. Its numerical coordinates, however,
depend on the chosen frame.

Let

Pz
PA= |Dy| € R3
Y2

denote the coordinates of a physical point p expressed in frame {A}. Suppose a second frame
{B} is rotated and translated relative to {A}. The coordinates of a point expressed in the two
frames are related by

pa = RappB +taB.

Here, Rap € R3*3 describes the orientation of frame B relative to frame A, while t45 € R3
gives the position of the origin of frame B, expressed in frame A. This notation is worth inter-
preting carefully. The transformation 745 maps coordinates expressed in frame B into coordinates
expressed in frame A. The rotation and translation can be combined into a single homogeneous
transformation matrix,

0 1

R t
1o [7 2],

A three-dimensional point can then be augmented with an additional homogeneous coordinate,

~ _ |PB
pB_|:1:|7

so that coordinate transformation becomes a matrix multiplication:

This representation is extremely useful because rotation and translation can now be composed
using ordinary matrix multiplication.
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1.1.2 Rigid-Body Transformations and SFE(3)

A rigid-body transformation changes the position and orientation of an object without changing
distances or angles within that object.

A three-dimensional rigid-body pose is represented by

R t
T =
b il
where R € SO(3) represents orientation and ¢ € R3 represents translation.

The set of all valid three-dimensional rigid transformations forms the special Fuclidean group

SE(3) = {[? ﬂ ‘RESO(3), teR3}.

A rigid-body transformation therefore acts on a point according to

p = Rp+t.

The transformation preserves Euclidean distance. If two points p; and py are transformed,

pi=Rpi+t,  ph=Rpr+t,

then

Py — ph = R(p1 — p2).

Because R is orthogonal,

[1R(p1 = p2)|| = [Ip1 — p2|-

Hence,

1Py — 5l = llpr — p2l.

This distance-preserving property is what distinguishes rigid motion from more general affine
transformations such as scaling or shearing.

A rigid-body pose has six degrees of freedom: three translational and three rotational. Although
the matrix representation of T contains sixteen entries, these entries are highly constrained and
therefore do not represent sixteen independent parameters.
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1.1.3 Rotation Matrices and SO(3)

The orientation component of a rigid-body transformation is described by a rotation matrix

i1 T2 T13
R = |ro1 722 723
31 T32 T33

The set of valid three-dimensional rotation matrices is the special orthogonal group

SO(3)={ReR” | RTR=1, detR=1}.

The condition RTR = I means that the rows and columns of R form orthonormal bases.
Consequently, R~ = RT. The determinant condition det R = 1 distinguishes proper rotations
from reflections.

A rotation matrix can be interpreted as a change of basis. For example,

Rap = |[ZB]a [UB]a [ZB]a

contains, as its columns, the axes of frame B expressed in frame A.

This interpretation makes the transformation

pA = Rappp
particularly intuitive: the coordinates of a vector expressed in basis B are rewritten using the

basis vectors of frame A.

Elementary Rotations

Rotations about the coordinate axes are commonly written as

1 0 0
R;(0)= |0 cosf —sinf|,
|0 sinf cosf |

[ cosf® 0 sinf]
R,@)=1] 0 1 o0 [,
| —sinf 0 cos@]

and

cosf) —sinf 0
R.,(0) = [sinf cosf O
0 0 1
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More complicated orientations can be formed by composing these rotations.

Because matrix multiplication is not commutative, R1Rs # RsR; in general. The order of
rotations is therefore essential.

1.1.4 Euler Angles

A three-dimensional orientation can be parameterized using three successive elementary rota-
tions. Such representations are generally called Euler-angle representations.

One common convention in robotics is roll-pitch—yaw, (¢, 6,1), where ¢ is roll, 6 is pitch, and
1 is yaw.

For a commonly used Z-Y-X convention,

R = R:(¢)Ry(0) R (9)-

Euler angles are attractive because they provide a minimal and intuitive three-parameter de-
scription of orientation.

However, they have important disadvantages. The representation depends on the chosen rota-
tion convention, and certain configurations produce singularities. For example, the roll-pitch—yaw
representation becomes singular when the pitch approaches 6 = +-7.

This phenomenon is commonly associated with gimbal lock. The physical orientation remains
perfectly valid, but the chosen coordinate parameterization loses one degree of freedom locally.

Euler angles are therefore convenient for visualization and human interpretation but are often
avoided internally in estimation, interpolation, and optimization algorithms.
1.1.5 Axis—Angle Representation

Fuler’s rotation theorem states that any orientation in three dimensions can be represented as
a rotation by an angle # about some unit axis

The orientation can therefore be represented by (@, 0).

A compact representation is the rotation vector

b =00 e R3.

The direction of ¢ gives the rotation axis, while ||¢|| = € gives the rotation angle.

Axis—angle representations provide an important connection between ordinary three-dimensional
vectors and the nonlinear rotation group SO(3). This relationship becomes particularly useful when
introducing the exponential map.
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1.1.6 Quaternions

A quaternion provides another representation of three-dimensional orientation. A quaternion
can be written as

qQu
|9z _ Qw
1 dy [Qv] 7
qz
where g, is the scalar component and
qz
Qv = |Qy
qz

is the vector component.

A quaternion represents a rotation when it has unit norm:

Go+a+a+q=1

Given an axis—angle representation (w, 6), the corresponding unit quaternion is

o= [t ]

The inverse conversion satisfies § = 2arccos(q, ), with the rotation axis determined from the
vector component when sin(6/2) # 0.

The quaternion conjugate is

x| Quw
! [—qv]'

For a unit quaternion, ¢~ = ¢*.

Quaternion Composition

Let

Their quaternion product is

wiwy — 7)?1}2
w1V + wavy + V1 X Vg

Q1®Q2=[
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Quaternion multiplication corresponds to rotation composition, and like rotation-matrix multi-
plication it is generally noncommutative: ¢ ® q2 # ¢2 ® q1.

Unit quaternions are widely used in robotics because they are compact, avoid the singularities
of Euler-angle parameterizations, and are convenient for interpolation and numerical integration.

They are not, however, a unique representation. The quaternions ¢ and —gq represent exactly
the same physical orientation. This is known as the quaternion double-cover property.

Quaternion to Rotation Matrix

For ¢ = [w,z,y,2]", the equivalent rotation matrix is

1—2(y%+22) 22y —wz) 2(zz + wy)
R(q)= | 2(xy+wz) 1-22%+2%) 2(yz — wx)
2(xz — wy) 20z +wz) 1—-2(z%+1?)

Thus rotation matrices, axis—angle representations, and unit quaternions all describe the same
underlying orientation even though their numerical representations differ.

1.1.7 Composition of Rigid-Body Transformations

Coordinate transformations frequently occur in chains.

Suppose T4 maps coordinates from frame B into frame A, and Tpc maps coordinates from
frame C into frame B.

Then

pa = TapTacpc,

so the composite transformation is

’ Tac = TaTBc- ‘

Writing the transformations explicitly,

R t R t
Tap = [fam 48] pe = [T tae),

their product is

T — [RABRBG Raptpo +tAB:|

Therefore, Rac = RapRpc, while

tac = Raptpc +taB.
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The translation tgc must first be rotated into frame A before it can be added to t4p.

This frame-composition rule is fundamental in forward kinematics. For a serial manipulator,

Ton =To1Tr2 - Tin—1)n-

1.1.8 Inversion of Rigid-Body Transformations

If

R t
LT

maps coordinates from B to A, its inverse maps coordinates from A to B: Tpy = Tgé.

Because R;}B = R£ 5, the inverse rigid transformation has the particularly simple form

_ RY, —RLgt
TBA:TAJ;Z{ an —Has AB].

This result can be understood geometrically. The rotation is undone by applying the transpose,
while the translation must first be negated and then expressed in the rotated coordinate frame.

Transformation inversion is used constantly in robotics. For example, if a perception system
estimates the pose of a camera relative to the world, Ty ¢, then

Tow = Tyye

describes the world relative to the camera.

1.1.9 Lie Groups and Lie Algebras

The sets SO(3) and SE(3) are not ordinary vector spaces. For example, adding two rotation
matrices does not generally produce another valid rotation matrix.

Instead, they are examples of Lie groups: sets that are simultaneously smooth manifolds and
algebraic groups.

This structure is particularly useful because it allows robotic poses to remain on their physically
valid nonlinear manifolds while small perturbations are represented using ordinary vectors.

Associated with each Lie group is a Lie algebra, which can be interpreted as the tangent space
of the group at the identity element.

The Lie algebra associated with SO(3) is denoted so(3), and the Lie algebra associated with
SE(3) is denoted se(3).

These tangent spaces provide local linear representations of rotation and rigid motion.
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1.1.10 The Lie Algebra so(3)

A vector
Wy
_ 3
w= |wy| €R
Wz

can be associated with a skew-symmetric matrix using the hat operator:

0 —w, wy
Wh=wlx = | w. 0 —wy
—Wy Wy 0
This matrix satisfies (w)? = —w".

The set of all such skew-symmetric matrices forms

50(3) = {QeRY? | QT = —q}.

The hat operator is useful because wv = w x v. The inverse operation is commonly called the
vee operator, with (w)Y = w.
Thus,
R? +— s0(3).

This allows small rotations and angular velocities to be manipulated using ordinary three-

dimensional vectors.

1.1.11 The Lie Algebra se(3)

A rigid-body motion contains both rotational and translational components.

A six-dimensional vector,

= m e RS,

contains a translational component p € R? and a rotational component ¢ € R3.

Its matrix representation is

= [‘%A g} € 5e(3).

The set of matrices of this form constitutes the Lie algebra se(3).
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This six-dimensional representation is often called a twist coordinate. It provides a local vector
description of rigid-body displacement and velocity.

The relationship

SE(3) «+— se(3) «— RS

is fundamental to modern robotics optimization and estimation.

1.1.12 Exponential Map for SO(3)

The exponential map converts an element of the Lie algebra into an element of the corresponding
Lie group. For rotations,

Exp : s0(3) — SO(3).
Given a rotation vector ¢ = fw, the corresponding rotation matrix is

R = exp(¢").

Rodrigues’ rotation formula provides a closed-form expression:

1 —cosf
02

R:I+—S“;9¢A+ (¢")2,

where 0 = ||¢]|.

Equivalently, if the unit rotation axis @ is separated from the angle,

R=1T+sin0o" + (1 —cosf) (@)

The exponential map therefore provides a direct relationship between axis—angle vectors and
rotation matrices:

peRS B ReSOB).

For very small rotations, 8 &~ 0, the exponential map has the first-order approximation

R~1+¢".

This approximation is important in estimation and optimization because it allows small orien-
tation corrections to be represented linearly.
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1.1.13 Logarithmic Map for SO(3)
The logarithmic map performs the inverse operation:

Log : SO(3) — s0(3).

Given a rotation matrix R, the rotation angle satisfies

0 = cos™! (tr(Rg - 1) .

Away from singular cases, the corresponding skew-symmetric matrix can be recovered using

R
~ 2sinf

¢" (R—R").

Applying the vee operator gives the rotation vector,
¢ = Log(R)".
Thus,

Re SOB) 8 4R

The logarithmic map is especially useful for defining orientation error.

Given desired and actual orientations R; and R, a relative rotation can be written as
Rewr = RIR,
and the corresponding local error vector is

er = Log(Rerr)v.

Unlike direct subtraction of rotation matrices or Euler angles, this error respects the geometry

of SO(3).

1.1.14 Exponential and Logarithmic Maps for SFE(3)

The same idea extends to rigid transformations.

The exponential map

Exp : s¢(3) — SE(3)
maps a six-dimensional local motion vector to a rigid-body transformation:
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If

then

A
Exp(¢") [EXpécb ) J(f)ﬂ] 7
where J(¢) is the left Jacobian of SO(3).

For 6 = ||¢||, the left Jacobian can be written as

1—cosf

J(p) =1+ 02

0
For small ¢, J(¢) ~ I.
The inverse mapping is
Log : SE(3) — se(3).

Thus,

¢ = Log(T)" € R®

provides a local six-dimensional representation of a rigid transformation.

This construction is widely useful because optimization algorithms generally operate on vectors
in Euclidean space. Instead of directly optimizing the constrained entries of a transformation
matrix, an algorithm can optimize a local perturbation ¢ € RS and apply it through the exponential
map.

For example,
Thew = BExp(66™)T.

The resulting Thew remains a valid element of SE(3).

1.1.15 Relative Poses and Pose Error

Many robotics problems depend not on absolute poses but on the relative transformation be-
tween two poses.

Suppose T4, T € SE(3). The transformation from A to B can be written as

26



Tap = TngB-
A local six-dimensional representation of this relative pose is

§ap = Log (leTB)v.

Similarly, if Ty is a desired pose and T is the actual pose, a geometrically meaningful pose error
can be formed using

e = Log (Td_lT)v.

The error is represented as a six-dimensional vector rather than by subtracting transformation
matrices directly.

This construction appears throughout modern robotics, including pose-graph optimization, vi-
sual odometry, SLAM, calibration, trajectory optimization, and nonlinear control.

1.1.16 Summary

Three-dimensional robot geometry is fundamentally the geometry of rigid-body motion.

Rotation matrices belong to SO(3), while rigid transformations belong to SE(3). A pose
transformation has the form
R t
r=[ 1

and transforms coordinates according to p’ = Rp + t.

Multiple coordinate transformations compose through matrix multiplication,

Tac = TaBTBC,

while inversion is given by

RT _—RT¢
-1
T _{0 1 ]

Orientations can be represented using rotation matrices, Euler angles, axis—angle coordinates,
or quaternions. Each representation has different numerical and conceptual advantages.

The Lie algebras so(3) and se(3) provide local vector representations of rotation and rigid-body
motion. Exponential and logarithmic maps connect these local representations to the nonlinear
groups:

R? - 50(3) < SO(3),
and
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RS - se(3) « SE(3).

These mathematical tools provide the foundation for the forward kinematics, inverse kinematics,
Jacobians, state estimation, visual geometry, SLAM, trajectory optimization, and manipulation
methods developed in the remainder of this chapter.

1.2 Robot Kinematics

Robot kinematics describes the geometry of motion without considering the forces or torques
that produce that motion. The central variables are the robot’s configuration, usually described by
its joint coordinates, and the position and orientation of points or coordinate frames attached to
the robot.

For a manipulator with n joints, the configuration is represented by the generalized-coordinate

vector

=l @ - @l .

For a revolute joint, ¢; is typically an angle. For a prismatic joint, ¢; is a linear displacement.

The complete set of allowable configurations forms the robot’s configuration space, commonly
denoted

Q.

A robot’s kinematic model establishes relationships between configuration space and quantities
expressed in physical or task space. The most basic relationship is the forward-kinematics map

Twg = f(q),

which determines the pose of the end effector E relative to a world or base frame W.

Kinematics is commonly studied at two related levels. Position kinematics relates joint config-
uration to pose, while differential kinematics relates joint velocities to Cartesian linear and angular
velocities. These relationships provide the foundation for inverse kinematics, motion planning,
manipulation, and robot control.

1.2.1 Kinematic Chains

A robot mechanism consists of rigid links connected by joints. Each joint constrains the relative
motion between neighboring links.

The most common joint types in manipulation are revolute and prismatic joints.

A revolute joint permits rotation about a fixed axis,

qi = H’L'a
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while a prismatic joint permits translation along a fixed axis,

¢ = d;.
A sequence of links and joints forms a kinematic chain.

In a serial manipulator, each link is connected to the next in a single chain,

base — joint 1 — link 1 — - -+ — joint n — end effector.

Examples include conventional six-axis industrial manipulators and many seven-degree-of-freedom
collaborative arms.

Tree-structured mechanisms contain branches. Humanoid robots are a common example: the
torso connects to several chains corresponding to the arms, legs, and head.

Closed-chain mechanisms contain one or more kinematic loops. Parallel manipulators and
mechanisms in which two robot hands rigidly hold the same object are examples.

Serial chains are particularly convenient mathematically because the pose of each successive
link can be computed recursively through transformation composition.

Suppose frame {i} is attached to link 7. Let

T (g)

describe the transformation from frame ¢ to frame ¢ — 1. The pose of the end effector is obtained
by multiplying the transformations along the chain:

'Te(q) = "Ti(q1) ' Talae) - "' Tr(an)-

This product is the basis of forward kinematics.

1.2.2 Forward Kinematics

Forward kinematics determines the pose of a robot link or end effector from the robot configu-
ration.

For an n-joint manipulator,

q:[(ha""qn]T

)

and the forward-kinematics function is

Twe = f(q).

The transformation

R
Twp = [ WE pWE]

29



contains both the end-effector orientation

Rwr € 50(3)

and its position

pwEe € R3.

For a serial manipulator,

Twe(q) = TwoToi(q1)Th2(q2) - - Tn—1,E(qn)-

Each transformation depends only on the geometry of the corresponding link and the associated
joint variable.

Forward kinematics is normally deterministic: once ¢ is known, the pose of every link is deter-
mined.

Example: Two-Link Planar Manipulator
Consider two revolute links with lengths [ and [, and joint angles ¢; and ¢o.

The end-effector position is

x =lycosq + lacos(q1 + q2),

y =l1sinq; + l2sin(q1 + q2).

The end-effector orientation in the plane is

¢=q +qo.

Thus,

li cosq + I3 cos(q1 + ¢2)
flg) = |lising: + lasin(q1 + g2)
q1+q2

Even for this simple robot, the mapping is nonlinear because the joint angles enter through sine
and cosine functions.

For a general three-dimensional manipulator, the same principle applies, but homogeneous
transformations are used to compose arbitrary rotations and translations.
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1.2.3 Denavit—Hartenberg Parameters
For a serial manipulator, one must specify the rigid transformation between every pair of neigh-

boring joint frames. The Denavit-Hartenberg (DH) convention provides a systematic method for
doing this using four parameters per link.

Under the standard DH convention, the transformation from frame i — 1 to frame ¢ is written
as

U = Ra(6)T2(di) T (0:) R ()

The four DH parameters are

Their geometric meanings are:

f;: rotation about the previous z-axis,

d;: translation along the previous z-axis,
e a;: translation along the new z-axis, often called the link length,

e (;: rotation about the new z-axis, often called the link twist.

The resulting homogeneous transformation is

cosl; —sinb;cosq; sinb;sinca;  a;cosb;
ilq sinf; cosf;cosa; —cosb;sina; a;sind;
' 0 sin oy COS O d;
0 0 0 1
For a revolute joint,
0;

is the joint variable, while the remaining DH parameters are constant.

For a prismatic joint,

is the joint variable.

Once a DH table has been constructed, forward kinematics follows directly from

OTn _ 0T11T2 L ’n,—lTn‘
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The principal value of DH parameters is not that they change the underlying geometry, but
that they provide a standardized procedure for assigning coordinate frames and constructing trans-
formation matrices.

Modern robotics software may instead use direct SF(3) transformations, product-of-exponentials
formulations, or URDF-defined joint transforms. Nevertheless, DH notation remains useful for an-
alytical derivation and for understanding classical manipulator kinematics.

1.2.4 Inverse Kinematics

Inverse kinematics solves the reverse problem.

Given a desired end-effector pose

*
TWE?

we seek a robot configuration

satisfying

f(a") = Ty |

Unlike forward kinematics, inverse kinematics is generally not guaranteed to have exactly one
solution.

A target pose may have

no solution,

one solution,

several discrete solutions,

infinitely many solutions.

A pose has no solution if it lies outside the robot’s reachable workspace or violates joint con-
straints.

Several configurations may produce the same end-effector pose. A planar two-link arm, for
example, may often reach the same point using an ‘elbow-up” or ‘elbow-down” configuration.

For a redundant manipulator, there may be infinitely many configurations satisfying the same
Cartesian task.

Analytical Inverse Kinematics

For manipulators with sufficiently simple geometry, inverse kinematics can sometimes be solved
analytically.
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For the two-link planar arm,

x =1y cosq + lacos(qr + q2),

y = lysing; + lasin(q1 + ¢2).

Define
r? =2 + 2
Using the law of cosines,
2_ 1272
re =17 =135
cosqp=——"-——=
o 20,15
Thus,
2_2_ 72
re =17 =1
—decos M| — 1 2}
12 = == cos < 2,1 >

The two signs correspond to different kinematic branches.
Once ¢o is known,
q1 = atan2(y, z) — atan2 (ly sin g2, 11 + l2 cos q2) .

Analytical solutions are fast and precise but depend strongly on manipulator geometry and
become difficult to derive for general robots.

Numerical Inverse Kinematics

General inverse kinematics is often solved iteratively.

Starting from an initial configuration gy,

Qk+1 = Qk + Agy.

Let

€k

denote the current task-space pose error.

For a sufficiently small change in configuration,

ex ~ J(qu) Agy.
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A common update is

Agi = J'(qr)er,

so that

Gki1 = qr + T (qr)er.

Here J' is the Moore—Penrose pseudoinverse.

In practice, the pose error should respect the geometry of SE(3). For example, if T'(gx) is the
current pose and Ty is the desired pose, one possible local error representation is

_ v
ex = Log (T(qr) ' Ta) "
Numerical inverse kinematics is flexible and can incorporate joint limits, collision constraints,

preferred postures, and regularization. Its solution, however, depends on initialization and may
converge to a local solution or fail near singular configurations.

1.2.5 Differential Kinematics

Forward kinematics describes position and orientation,

z = f(q).

Differential kinematics describes how small changes in configuration affect the task variables.

Differentiating with respect to time gives

b0,
Define the Jacobian
of
J(q) = =—.
(@) =5
Then
i =J(q)q

For a complete Cartesian pose, velocity is represented by a six-dimensional twist
v
e= 2]

34
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veR?

is translational velocity and

weR?

is angular velocity.

The differential kinematic relationship becomes

§=J(q)q.

For an n-joint manipulator,

J(q) € RE*™.

Differentiating once more gives the acceleration relationship

£=J(@)i+ J(q.d)d.

The term

Jq

describes Cartesian acceleration produced directly by joint acceleration, while
Jq

accounts for the changing geometry of the manipulator as it moves.

1.2.6 The Manipulator Jacobian

The manipulator Jacobian is one of the most important objects in robot kinematics.

Each column of

J=[Nh T - ]

describes how velocity of one joint contributes to the Cartesian velocity of the end effector.

Consider a revolute joint whose axis is z;, with a point on the joint axis located at p;. Let the
end-effector position be pg.

Rotation about that axis generates translational velocity

v; = 2; X (pE — Di)
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and angular velocity

W; = Zj.

Therefore, the corresponding Jacobian column is

Zq

J = |:Zi X (pE —pz‘)} ‘

For a prismatic joint, motion along z; produces translation but no angular velocity:

Ji— M |

The complete Jacobian is formed by stacking these columns.

Geometric and Analytical Jacobians

It is useful to distinguish the geometric Jacobian from an analytical Jacobian.

The geometric Jacobian maps joint velocity to physical linear and angular velocity:

w

H = Jy(a)q-

An analytical Jacobian may instead relate joint velocity to the derivative of some chosen pose
coordinates, such as Euler angles:

p .
HE
Because Euler-angle derivatives are not equal to angular velocity in general,
¢ # w,
the two Jacobians are generally different.

The geometric Jacobian is typically preferred when reasoning directly about rigid-body motion

because the angular component is the physical angular velocity rather than the derivative of a
particular orientation parameterization.

1.2.7 Inverse Differential Kinematics

Suppose a desired end-effector twist is given by

&a-
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We seek a joint velocity satisfying

JGg=2¢&,.

If J is square and nonsingular,

q=J"1¢.

More generally, the Moore-Penrose pseudoinverse is used:

g =JE

When the system is underdetermined or overdetermined, the pseudoinverse provides a least-
squares solution.

For a full-row-rank Jacobian with more columns than rows,
Jr=JrJJhL

For a full-column-rank Jacobian with more rows than columns,
Jr =gttt

The singular-value decomposition provides the most general numerical construction.

If

J=Uxv7T,
then
Jh=vxiyT,

where nonzero singular values are inverted in 2.

This representation is also particularly useful for understanding singularities.

1.2.8 Jacobian Singularities

A kinematic singularity occurs when the Jacobian loses rank:

’ rank(J) < min(m, n), ‘

where m is the task dimension and n is the number of joints.

The velocity equation
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£=1Jq
shows the geometric consequence directly. The columns of J describe the Cartesian velocity

directions that can be produced by the joints. If those columns become linearly dependent, at least
one independent task-space direction is lost.

Near a singularity, attempting to solve

g=J'¢

can require extremely large joint velocities for even moderate Cartesian velocities.

Using the singular-value decomposition,

J=Uxv7T,

a singularity occurs when one or more singular values approach zero.

If
Omin — 07
then inversion produces the factor
1
— 00.
Omin

This explains why joint velocities become poorly conditioned near singular configurations.

Damped Least Squares

A commonly used regularized inverse is

T =g (JJT +221) 7

The damping parameter

A>0

prevents the inverse from becoming arbitrarily large.
Increasing A improves numerical robustness but sacrifices exact Cartesian tracking.

Damped least squares is therefore useful near singularities or whenever the Jacobian is poorly
conditioned.
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1.2.9 Manipulability

The Jacobian also describes how joint-space motion maps into task-space motion.

Suppose joint velocities satisfy

gl < 1.

Because

§=Jq,
the resulting set of Cartesian velocities forms an ellipsoid known as the manipulability ellipsoid.

Its principal directions are given by the left singular vectors of J, and the lengths of the corre-
sponding axes are proportional to the singular values.

Large singular values indicate directions in which Cartesian velocity can be produced easily.
Small singular values indicate directions requiring comparatively large joint motion.

A common scalar manipulability measure is

p(q) = 4/ det (JJT).

As the manipulator approaches a singularity,

n(q) — 0.

Manipulability is therefore useful both as an analysis tool and as a secondary optimization
objective.

1.2.10 Redundancy and Null-Space Motion

A robot is kinematically redundant with respect to a task when it has more controllable joint
degrees of freedom than are required by the task.

For example, a seven-joint manipulator controlling a six-dimensional end-effector pose has one
degree of kinematic redundancy under ordinary nonsingular conditions.

The velocity equation

JG=¢
then has infinitely many solutions.

The general pseudoinverse solution can be written as

q=Jle+ (1-J17) 2.
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The first term

Jie
produces the desired Cartesian motion.

The second term lies in the null space of J. Define

N=I-JiJ
Then
JN =0,
SO
JNz =0.
Consequently,
q'null =Nz

changes the robot configuration without changing the instantaneous end-effector twist.

This additional freedom can be used to accomplish secondary objectives such as

e avoiding joint limits,

e avoiding self-collision,

e maintaining distance from obstacles,
e maximizing manipulability,

e maintaining a preferred posture.
Suppose a scalar objective

h(q)

should be increased while preserving the primary task. One possible choice is
z = kV4h(q),
giving
q:J%+kQ—JU)vm@y

The primary task is preserved instantaneously because the secondary gradient is projected into
the Jacobian null space.
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1.2.11 Velocity and Force Relationships

The Jacobian has a dual role in robot mechanics.

It maps joint velocities into Cartesian velocities:

Its transpose maps Cartesian forces and moments into generalized joint forces.

Let the end effector experience a wrench

F:[f]eRG.

Te

Consider an infinitesimal joint displacement

0q.

The corresponding Cartesian displacement is

dx = Jdgq.

The work performed by the Cartesian wrench is

SW = FT6z.

Substituting the differential kinematics gives

oW = FT Jéq.

The same work expressed in joint coordinates is
oW = 114q.
Because the two expressions must agree for arbitrary dq,
T =F"J,
and therefore

Thus,

J . joint velocity — Cartesian velocity,
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whereas

JT . Cartesian wrench — joint torque.

This duality follows from conservation of instantaneous power:

Tq=FT¢.
Using
§=Jq,
we obtain
Fle=FTjq= (JTF)q.
Hence,

r=J'F

This relationship appears throughout manipulation, force control, impedance control, contact
modeling, and operational-space control.

1.2.12 Workspace and Reachability

The workspace of a robot is the set of end-effector poses or positions that can be achieved by
some valid configuration.

For a position-only task, the reachable workspace may be defined as

Wyr={plp=p(q), ¢€ Q}.

For full pose,

W={Te€SEB)|T = f(a), ¢ € Q}.

Two related notions are commonly distinguished.

The reachable workspace is the set of points that the end effector can reach in at least one
orientation.

The dexterous workspace is the set of points at which the end effector can achieve a specified
set of orientations, or in the strongest definition, all possible orientations.

Consequently,

Wdexterous C Wreachable-

Workspace depends on
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e link lengths,
e joint types,
e joint limits,
e mechanical interference,
e self-collision constraints,
e environmental obstacles,

e orientation requirements.

Example: Two-Link Planar Arm

For a two-link planar arm,
x =l cosq + lacos(q1 + q2),

y = lysing + lasin(q + q2).

The distance from the base is

r=+a?+y2

Assuming unrestricted revolute joints, the endpoint is reachable only if

’|l1—l2\§TSl1+lz-‘

The outer boundary

r=1Il+1

occurs when the links are fully extended.

The inner boundary

r = |ll—l2’

occurs when the links fold back against each other.

These boundaries are also associated with singular configurations because the two links become
collinear.

This illustrates an important relationship between workspace geometry and the Jacobian: sin-
gularities frequently occur at workspace boundaries, although singular configurations can also occur
inside a robot’s workspace.
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1.2.13 Reachability and Inverse Kinematics

Reachability determines whether an inverse-kinematics problem has a solution.

Given

Td7
inverse kinematics asks for
q
such that
flq) =Ty
A solution exists only if
Ty eW.

Even if the desired position lies inside the positional workspace, a complete pose may still be
unreachable because the required orientation cannot be produced at that position.

Likewise, a mathematically reachable pose may be practically infeasible because the correspond-
ing configuration violates

Gmin < ¢ < Gmax;

collision constraints, or other mechanical restrictions.
It is therefore useful to distinguish geometric reachability from practical feasibility.
1.2.14 Kinematic Constraints and Joint Limits

Joint coordinates are normally constrained:
g™ < g < g™,
Velocity limits may also apply:
|gi] < ;™.

These constraints matter even when a Cartesian target is theoretically reachable.

For redundant manipulators, null-space motion provides one mechanism for remaining away
from joint limits while maintaining an end-effector task.

For example, define a cost that penalizes displacement from the center of each joint range:
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N A
o =33 (A )
A secondary velocity can be selected as
z=—kVH(q),
and projected into the null space:
g=J¢—k (I - JTJ) VH(q).

The end-effector task is maintained while the internal posture is driven toward configurations
with greater joint-limit margin.

1.2.15 Summary

Robot kinematics relates internal robot configuration to externally meaningful motion.

Forward kinematics defines the mapping

q — Twe,

typically through a chain of rigid transformations,

0T, ="\ Ty - "',

Denavit—-Hartenberg parameters provide a classical systematic representation of these link-to-
link transformations.

Inverse kinematics solves the reverse problem,

Td—)(b

and may admit zero, one, several, or infinitely many solutions.

Differential kinematics describes local motion through the manipulator Jacobian:

§=J(q)q.

The pseudoinverse provides a general inverse velocity mapping,

q=J'%,
while redundant robots admit additional null-space motion,
i=Je+ <I— JU) .
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When the Jacobian loses rank, the robot enters a kinematic singularity. Near such configura-
tions, some Cartesian directions become difficult or impossible to generate and inverse differential
kinematics becomes poorly conditioned.

The same Jacobian also relates Cartesian wrenches and joint torques:

r=Jr'F

Finally, the robot workspace describes which positions and poses can be generated by valid
configurations. Reachability, joint limits, singularities, and redundancy therefore connect the global
geometry of the robot with its local differential behavior.

Together, these ideas provide the mathematical foundation needed for the dynamics, planning,
and control methods that follow.
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1.3 Robot Dynamics

Kinematics describes how a robot can move without considering the physical causes of that
motion. Dynamics extends this description by relating motion to forces and torques.

For a rigid-link manipulator, the configuration is described by generalized coordinates

=l @ - @l

I

together with the corresponding joint velocities

and accelerations

q.
The central problem of robot dynamics is to understand the relationship
(q? Q7 q) H 7—7
where
T
T= [7‘1 Tn]

contains the generalized forces applied at the joints. For revolute joints, these generalized forces
are torques; for prismatic joints, they are linear forces.

For a rigid manipulator, this relationship is commonly written in the form

M(q)d+ C(g,d)d + g(q) + 7¢ = 7 + J (q) Fext.-

This equation summarizes several physical effects:

inertia + velocity-dependent forces + gravity + friction = actuator forces + external forces.

Understanding where these terms come from is the central subject of rigid-body dynamics.

1.3.1 Rigid-Body Dynamics

A rigid body has both translational and rotational motion.

For a body of mass m whose center of mass has position pco, Newton’s second law gives

F=mpc.
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Rotational motion is governed by the corresponding angular equation. In a body-fixed repre-
sentation,

T=Iw+wx lw,

where

= R3><3

is the rotational inertia tensor and

weR?

is angular velocity.
The translational and rotational equations together describe the dynamics of one rigid body.

A robot manipulator, however, contains many rigid bodies connected through joints. Motion
of one link changes the motion of all downstream links, and the forces generated by one link are
transmitted through the kinematic chain.

The dynamics of a manipulator therefore cannot generally be treated as a collection of inde-
pendent joint equations.

Instead, the acceleration of the robot is coupled through a configuration-dependent inertia
matrix.

1.3.2 Newton—Euler Formulation

One classical method for deriving robot dynamics is the Newton—Euler formulation.

The basic idea is to apply Newton’s translational equation and Euler’s rotational equation to
every link in the robot.

For link 1,

E = msac;,
where ac, is the acceleration of the link’s center of mass.

The rotational equation is

N; = Liw; + w; X Liw;.

Here,

N;
is the net moment acting on the link.

For a serial manipulator, the Newton—Euler algorithm is naturally organized as two recursive
passes.
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Forward Recursion

The forward pass propagates motion from the base toward the end effector:

base — link 1 — link 2 — - -+ — link n.

Using the joint positions, velocities, and accelerations, the recursion computes quantities such
as

Wi, Wi, ag, ac;.-

These determine the inertial force

F; = m;ac,

and inertial moment
N; = Liw; + w; X Liw;.

Backward Recursion

The backward pass propagates forces and moments from the end effector back toward the base:

end effector — link n — --- = link 1.

Forces transmitted from downstream links are combined with the inertial and gravitational
forces acting on each link.

For a revolute joint, the required joint torque is obtained by projecting the transmitted moment
onto the joint axis z;:

T = zsz

For a prismatic joint,

T = ZZTfZ

The Newton—Euler method therefore computes joint forces from link-level force and moment
balances.

Its recursive structure makes it computationally efficient, particularly for inverse dynamics.

1.3.3 Lagrangian Mechanics

A second major approach derives the equations of motion from energy rather than directly
summing forces.
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Define the Lagrangian

| L(g,d) = K(g,9) = V(9),

where
is the total kinetic energy and

is the total potential energy.

For each generalized coordinate ¢;, the Euler—Lagrange equation is

d (oL\ oL _ _
at\og) o "

For a robot with n generalized coordinates, this produces n coupled equations.

The kinetic energy of the manipulator can be written in the quadratic form

1. .
K = iqTM(Q)q.

This expression introduces the configuration-dependent inertia matrix M (q).

The gravitational potential energy can be written as

V(g),

and its gradient produces the generalized gravity forces:

Substituting these expressions into the Euler—-Lagrange equations produces the familiar manip-
ulator equation

M(q)i+C(q.q)g+g(q) =T

in the ideal rigid, frictionless case.

The Newton—Euler and Lagrangian approaches therefore describe the same physical system
from different perspectives. Newton—Euler mechanics emphasizes forces and moments on individual
bodies, whereas Lagrangian mechanics emphasizes the kinetic and potential energy of the complete
system.
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1.3.4 Manipulator Equations of Motion

The dynamics of a rigid-link robot are commonly written as

M(q)i+C(g.d)q + g(q) + 74 = 7+ J*(q) Fexs.

Each term has a distinct physical meaning.

The term

M(q)g

represents inertial forces associated with accelerating the links.

The term

Clq,d)d
contains velocity-dependent Coriolis and centrifugal effects.
The vector
9(q)

contains generalized forces caused by gravity.

The vector

Tf

represents joint friction or other dissipative effects.

The vector

contains the actuator torques applied by the motors.

Finally,

JT(Q)Fext

represents generalized joint torques produced by an external Cartesian wrench.

The robot dynamics can therefore be interpreted as a generalized force balance:

required generalized forces = actuator forces + external loading.
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1.3.5 The Inertia Matrix

The matrix

M(g) € R

is the joint-space inertia matrix, sometimes called the mass matrix.
It describes how difficult it is to accelerate the robot in different joint-space directions.

Because the geometry of the robot changes as the joints move,

M = M(q).

A configuration with the arm fully extended, for example, may have substantially different
rotational inertia about a base joint than a configuration in which the arm is folded close to the
body.

The kinetic energy is

1. .
K=§fM@M

This relation provides an important physical interpretation of the mass matrix.

For a conventional unconstrained rigid manipulator, M (g) is symmetric:

M(g) = M (g),

and positive definite:

eI M(q)z >0

for every nonzero vector x.

Positive definiteness means that every nonzero joint velocity corresponds to positive kinetic
energy.

Coupling Between Joints

The inertia matrix is generally not diagonal.

For a two-joint manipulator,

| My Mo
Mla) = [Mm sz '

The off-diagonal terms
Ms, Ma,
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represent inertial coupling.

Consequently, accelerating one joint may require torque at another joint even if that second
joint is not itself accelerating.

This coupling is one reason manipulator dynamics are substantially more complicated than
independent scalar motor equations.

1.3.6 Coriolis and Centrifugal Terms

The term

C(q,9)q

contains generalized forces caused by motion through a configuration-dependent mechanical
system.

These effects arise because the inertia matrix itself changes with configuration.
The terminology usually distinguishes two related phenomena.

Centrifugal terms typically contain squared joint velocities such as
Qi
while Coriolis terms involve products of different joint velocities,
4iq;-
Together they are represented compactly as
C(g,4)q.

One construction uses the Christoffel symbols

o1 <aMij L OMy ank>
2\ Og 0q; dq; )’

from which
Cij = Zcz‘jkdk.
k
Then
Clq,4)q

collects the velocity-dependent generalized forces.
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An important subtlety is that the matrix C(q, ¢) itself is not uniquely defined. Different matrices
C' can produce the same vector

C(q,4)q-

The physically meaningful quantity is therefore usually the complete velocity-dependent force
vector rather than an individual matrix entry.

1.3.7 Gravity

Gravity acts on the mass of every robot link.

For link ¢ with center-of-mass position

bc; (Q)a

the gravitational potential energy can be written as

Vi(q) = —mig" pc, (q),

depending on the sign convention used for the gravity vector.

The total potential energy is
Vig)=>_Vilg).
i

The generalized gravity torque is

The required gravitational torque therefore changes as the manipulator moves.

A horizontal arm held far from the base may require significant torque, while the same arm
hanging vertically may require much less torque about some joints.

1.3.8 Gravity Compensation

A robot holding a stationary configuration satisfies approximately

Ignoring friction and external forces, the manipulator dynamics reduce to

9(q) =T
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Thus the torque required simply to hold the robot against gravity is

Tgrav = Q(Q)-

A controller may therefore explicitly add gravity compensation:

T = Tfeedback 1 g(Q)

For example, a PD joint controller becomes

]T = Kp(qa—q) + Kp(da — ) +g(Q)'\

The feedback controller then primarily corrects deviations from the desired trajectory rather
than continuously supplying the static torque needed to support the robot.

If the gravity model is accurate, this can significantly improve tracking and reduce the feedback
gains required for a given performance level.

1.3.9 External Forces and Generalized Torques

Suppose the end effector experiences an external wrench

Fext = |:feé’t:| .

ext

The corresponding generalized joint torque is

Text = JT(Q)Fext-

This relationship follows from virtual work.

For an infinitesimal joint displacement,

ox = Jdq.

The Cartesian work is

oW = FTsz = FT Jsq.

The same work written in joint coordinates is

oW = 114q.

Because the expressions must agree for arbitrary dgq,
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Thus the manipulator Jacobian plays two complementary roles:
z=Jq

maps joint velocities into Cartesian velocities, while
T=J'F

maps Cartesian forces into generalized joint forces.

1.3.10 Forward Dynamics
The forward dynamics problem asks:
Given the robot state and applied forces, what acceleration will result?
Starting from

M(q)i+ C(q,9)q+ g(q) + 75 = 7+ J" Fex,

we solve for acceleration:

G=M""(q) [+ J" Fuxs — C(q,9)q — 9(q) — 7¢] -

Forward dynamics is fundamental to simulation.

Given

qt, qt, Tt,

the acceleration

dr
is computed from the dynamics.

The state can then be integrated forward in time:

di+at = ¢ + GiAt,

. 1.
Qi+At = @ + @At + §QtAt2~

More accurate numerical integration methods are generally preferred in simulation, but the
principle is the same:

forces — accelerations — motion.
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1.3.11 Inverse Dynamics

The inverse dynamics problem reverses this relationship.

Instead of asking what acceleration results from a torque, inverse dynamics asks:
What actuator torques are required to produce a desired acceleration?

Ignoring external forces and friction,

’T = M(q)dqg+ C(q,4)q + g(q). ‘

More generally,

T = M(q)ia + C(¢,9)d + 9(q) + 75 — J" Foxt.
Inverse dynamics is particularly useful in model-based control because the desired trajectory
supplies
qd; dd; da;

and the model predicts the torque required to realize that motion.

The distinction between the two problems is therefore

’Forward dynamics: (q,q¢,7) — (']"

and

’Inverse dynamics: (q,q, Ga) — 7. ‘

Forward dynamics predicts what the robot will do. Inverse dynamics computes what must be
applied to make the robot do something.

1.3.12 Computed-Torque Interpretation
The inverse-dynamics equation can also be used inside a feedback controller.

Define a desired acceleration

¢ =Ga+Kp(da — q) + Kp(qa — q)-

The commanded torque is

’T = M(q)§* + C(q,9)q + g(q). ‘

Substituting this into the ideal robot dynamics gives approximately

57



é+ Kpé+ Kpe =0,

where

€=4dq4d —q-.
Thus, an accurate dynamics model can be used to cancel much of the robot’s nonlinear me-
chanical behavior, leaving an approximately linear tracking-error system.

This provides one important connection between robot dynamics and model-based control.

1.3.13 Contact Dynamics

The free-motion manipulator equation assumes that the robot moves without additional kine-
matic constraints imposed by the environment.

When a robot makes contact, the environment can exert forces on the robot.

If a contact has Jacobian

Je(q)
and contact wrench
Fe,
then its generalized contribution is
Te = JCT(Q)FC

The dynamics therefore become

M(q)i+ C(g,4)d+g(q) =7+ J'F,

for the idealized frictionless-joint case.

For several simultaneous contacts,

and the same expression remains valid:

M(q)i+C(q,4)q+g(q) =T+ JIF..

Contact therefore couples the motion of the robot with forces supplied by the environment.
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1.3.14 Normal and Tangential Contact Forces

A contact force can be decomposed into normal and tangential components:

f=fan+ fi.

The normal component

fn

acts perpendicular to the contact surface, while

fi

lies in the tangent plane.

Under the Coulomb friction model, the tangential force is constrained by

el < 1fn,

where

is the coefficient of friction.
The admissible tangential forces form a friction cone.

If the required tangential force lies outside this cone, the contact cannot remain static and
sliding occurs.

For computational optimization, the friction cone is frequently approximated by a polyhedral
set of linear inequalities.

These constraints are important in grasping, pushing, walking, door opening, and bimanual
manipulation.

1.3.15 Contact Constraints

When a point on the robot is constrained to remain stationary relative to the environment, its
Cartesian velocity must satisfy

JC(Q)Q =0.

Differentiating gives the corresponding acceleration constraint

Jo(q)§ + Je(q,4)d = 0.

The robot dynamics and the contact constraint must then be satisfied simultaneously:
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M(q)i+C(q,4)q +g(q) =7+ JI'F,

Joij + Jog = 0.

These equations illustrate an important difference between free motion and constrained motion.

During free motion, actuator torques determine acceleration directly through the robot dynam-
ics.

During contact, the unknown contact forces
Fe

must also be determined so that the robot motion satisfies the environmental constraints.

This is the basis of constrained rigid-body dynamics used in locomotion and manipulation.

1.3.16 Contact Forces and Sensing

A six-axis force/torque sensor measures a wrench of the form

w = [F} € RS,
T

These measurements allow the robot to detect contact, regulate interaction forces, and estimate
external disturbances.

Joint torque measurements can also be used to infer external loading.

Given a sufficiently accurate internal dynamics model,

Text = Tmeasured — Tmodel-

If the external load is applied through a known contact Jacobian,

T
Text = J° Foxt-

Thus, force sensing and dynamics modeling provide complementary ways of estimating physical
interaction with the environment.

1.3.17 Dynamics in Simulation and Control

Robot dynamics play different roles depending on the application.

In simulation, forward dynamics predicts how actuator commands change the robot state:

T—=q—q—q.
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In model-based control, inverse dynamics predicts which actuator commands are needed to
realize a desired motion:

qd>qd, qa — T-

During physical interaction, the dynamics must additionally account for contact forces:

T+ JIE, = .

These three views correspond to prediction, control, and physical interaction.

1.3.18 Summary

Robot dynamics describes the relationship between forces, torques, and motion.

The Newton—Euler formulation derives dynamics by applying force and moment balance recur-
sively to each rigid link, while the Lagrangian formulation derives the same motion equations from
kinetic and potential energy.

Both lead to the standard manipulator equation

M(q)i+ C(q,d)q + g(q) + 7p = 7+ J' Fuys.

The inertia matrix

M(q)

captures configuration-dependent inertial coupling between the joints.

The term

C(q,9)q

captures Coriolis and centrifugal effects, while

9(q)

contains generalized gravitational forces.

Gravity compensation applies approximately

Torav = 9(q)

to support the robot’s own weight.

Forward dynamics computes acceleration from applied torques,

ij:M_l [T+JTFext_Cq_g_Tf]a

61



whereas inverse dynamics computes the required torque from a desired acceleration,

T=Mds+Cq+g.

When the robot contacts its environment, the dynamics include generalized contact forces
JIF,,
and the contact motion may simultaneously be constrained by
e+ Jeg = 0.
Friction further restricts feasible contact forces through conditions such as

el < pfn-

These equations form the mechanical foundation for joint-space control, operational-space con-
trol, impedance control, whole-body control, trajectory optimization, and physically grounded robot
learning.
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1.4 Robot Control

Robot control concerns the design of actuator commands that cause a physical robot to follow
desired motions, regulate interaction forces, reject disturbances, and remain stable despite modeling
error and uncertainty. Kinematics determines how joint motion maps into Cartesian motion, while
dynamics determines how applied forces and torques produce acceleration. A controller closes the
loop between the desired behavior and the measured behavior of the physical system.

For a rigid-link manipulator, the dynamics developed in the previous section can be written as

M(q)i+ C(g,4)q + 9(q) + 7 =7 + J'(q) Fet

where ¢, ¢, and § are joint position, velocity, and acceleration; M (q) is the joint-space inertia
matrix; C(q, )¢ represents Coriolis and centrifugal effects; g(q) represents gravity; 7 represents
friction; 7 is the commanded actuator torque; and Fiy is an external Cartesian wrench.

A controller chooses 7, or some lower-level command that ultimately produces 7, so that the
robot behaves according to a desired objective. Depending on the application, the controlled
quantity may be a joint position ¢4, a Cartesian pose x4, a desired contact force Fy, or a combination
of motion and force objectives.

1.4.1 Feedback Control

The central idea of feedback control is to measure the actual behavior of the system and compare
it with the desired behavior. If z4(¢) is a desired quantity and z(t) is the measured quantity, the
tracking error is e(t) = x4(t) —2(t). The controller uses this error to modify the actuator command.

Conceptually, a feedback loop has the form

reference — controller — robot — measurement — error.

This differs from open-loop control, in which commands are applied without using measurements
to correct the resulting motion. Open-loop control can work when the model and environment are
known accurately, but physical robots experience disturbances, friction, calibration error, payload
variation, actuator uncertainty, and contact forces. Feedback allows the controller to respond to
these effects.

A simple proportional controller has the form v = Kpe. If the error increases, the corrective
action increases proportionally. For mechanical systems this often resembles a virtual spring: a
larger displacement from the desired configuration produces a larger restoring effort.

Feedback introduces an important tradeoff. Larger gains generally increase responsiveness and
reduce tracking error, but excessively aggressive gains can amplify measurement noise, excite un-
modeled dynamics, saturate actuators, or destabilize the closed-loop system. Robot control there-
fore involves not merely reducing error, but shaping the complete dynamic response of the robot.
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1.4.2 PID Control

The proportional-integral-derivative controller is one of the most widely used feedback-control
structures. For a scalar tracking error e(t) = x4(t) — x(t), the controller is

u(t) = Kpe(t) + K /Ot e(T)dr + Kpé(t).

The proportional term Kpe responds directly to the current error. Increasing Kp generally
makes the system respond more strongly to displacement from the target. In a mechanical inter-
pretation, proportional feedback behaves similarly to stiffness.

The derivative term K pé responds to how rapidly the error is changing. In mechanical systems
it behaves similarly to damping. If the robot is moving rapidly toward the desired state, deriva-
tive feedback reduces the command before the system overshoots substantially. Derivative action
therefore tends to suppress oscillation and improve transient behavior.

The integral term accumulates error over time. If a disturbance produces a persistent error, the
integral contribution continues to grow until sufficient control effort is generated to remove that
bias. Integral action is therefore useful for eliminating steady-state error caused by effects such as
constant loads, imperfect gravity models, or actuator bias.

For many robot joints, proportional-derivative control is used more frequently than full PID
because the mechanical system already contains integrative dynamics and because integral action
can create undesirable windup during saturation. A joint controller may therefore use

T =Kp(qa—q) + Kp(da — q),

where Kp and Kp are commonly diagonal positive-definite gain matrices.

If integral action is required, the controller can be extended to

T:Kp€q+KDéq+K[/6th,

with e, = qq — q.

In real implementations, integral action is often combined with anti-windup. If an actuator
reaches its torque limit, the integral state should not continue accumulating without bound, because
doing so can produce a large transient once the actuator leaves saturation.

Derivative feedback also requires care because numerical differentiation amplifies high-frequency
sensor noise. Joint velocity from encoders, filtered velocity estimates, or derivative filtering is
therefore generally preferable to differentiating raw position measurements directly.

1.4.3 Joint-Space Control

Joint-space control specifies desired behavior directly in generalized coordinates. A desired
trajectory consists of q4(t), and often desired velocity ¢4(t) and acceleration Gg(t).

A basic PD torque controller is

64



[ = Krlaa—a) + Kolia— ).

This controller does not explicitly compensate for the nonlinear robot dynamics. The feedback
terms must therefore both correct tracking error and overcome gravity, inertial coupling, friction,
and disturbances.

For small motions or robots with strong internal servo loops, this approach can be sufficient.
However, the same numerical gains can produce different Cartesian behavior in different robot
configurations because the effective inertia seen by each joint changes with g.

Gravity compensation provides an important improvement. If the model predicts the generalized
gravitational torque g(q), the controller can apply

’T = Kp(qa —q) + Kp(da — q) +g(q).\

The feedback terms then primarily regulate deviations from the desired configuration instead
of continuously supplying the torque required to support the robot’s own weight.

This distinction is particularly noticeable on manipulators. Without gravity compensation, a
low-gain arm may sag substantially under its own weight. With reasonably accurate compensation,
the same low feedback gains can maintain configuration while preserving compliance.

Joint-space controllers are attractive because joint position and velocity are directly measured
by encoders, joint limits are naturally represented, and the resulting controller is comparatively
simple. The main limitation is that many robot tasks are naturally defined in Cartesian space. A
command such as “move the end effector 5 cm forward” must first be converted into an appropriate
joint trajectory before a purely joint-space controller can execute it.

1.4.4 Feedforward and Computed-Torque Control

Feedback corrects errors after they appear. Feedforward control instead uses a model of the
robot to predict the effort that should be required to produce the desired motion.

Suppose a desired trajectory provides qg, Gq, and §g. Ignoring friction and external forces,
inverse dynamics predicts the nominal torque

8 = M(q)Ga + C(q,9)q + 9(q)-

A practical controller can combine this feedforward torque with feedback corrections. One
common formulation defines the commanded acceleration

¢ =da+Kp(Ga—4q)+ Kp(qa —q),

and then applies

’T = M(q)q" + C(q,4)d + 9(q). ‘

This is commonly called computed-torque control or inverse-dynamics control.
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To understand the idea, substitute the command into the ideal manipulator dynamics M¢§ +
C¢+ g = 7. The nonlinear terms cancel, leaving approximately

é+ Kpé+ Kpe =0,

where e = g4 — q.

The controller has therefore transformed the nonlinear manipulator into an approximately linear
second-order tracking system.

The advantage is that the feedback gains no longer need to compensate for the complete robot
dynamics. The limitation is that cancellation is only as accurate as the model. Errors in link
masses, payloads, friction, motor dynamics, elasticity, or external contact forces create residual
dynamics that the feedback controller must still reject.

This illustrates an important principle used throughout robotics: model-based feedforward
handles predictable physics, while feedback handles uncertainty.

1.4.5 Cartesian and Operational-Space Control

Joint-space control regulates individual joint coordinates, but manipulation objectives are often
more naturally stated in Cartesian coordinates. Examples include moving the hand to a desired
pose, maintaining a tool orientation, following a surface, or applying a specified force normal to an
object.

Let x denote a Cartesian task variable. Differential kinematics give & = J(q)q, and differenti-
ating once more gives

i=J(q)i+ J(q,q)q.

A simple Cartesian feedback law can define a desired task-space acceleration as

" =%q+ Kp(iq— ) + Kp(zq — ).

One possibility is to convert this acceleration into joint acceleration through inverse differential
kinematics. Operational-space control goes further by accounting explicitly for the robot’s dynamics
as seen from the task coordinates.

Starting from the joint-space inertia M(q), the effective task-space inertia is

Ag) = (JM I,

The matrix A(g) describes the apparent inertia of the robot at the controlled Cartesian frame.
The robot may be easy to accelerate in one Cartesian direction and difficult to accelerate in another;
A captures this configuration-dependent behavior.

A simplified operational-space wrench command is F* = A(q)#*, with the corresponding joint
torque 7 = JT F*. A more complete controller compensates for velocity-dependent and gravitational
effects,
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F* = A&* + p(q, 4) + p(q),

followed by

r=JrF*

Here p contains task-space Coriolis and centrifugal effects, while p contains the task-space
gravity contribution.

Operational-space control is especially useful because the controlled behavior can be specified
directly in physically meaningful coordinates. Rather than commanding individual joints, the
controller can regulate quantities such as end-effector translation, orientation, or Cartesian force.

For a redundant robot, additional joint-space objectives can be introduced without disturbing
the primary Cartesian task. A general form is 7 = JT F* + N7y, where N projects the secondary
command into a dynamically appropriate null space. Secondary objectives may include posture
regulation, joint-limit avoidance, collision avoidance, or maintaining favorable manipulability.

1.4.6 Impedance Control

Pure position control attempts to eliminate position error regardless of the external forces
required to do so. This behavior can be undesirable during physical interaction. If a rigidly position-
controlled robot encounters an object that prevents it from reaching the commanded position, the
position error can create a very large contact force.

Impedance control instead specifies a relationship between motion and force. The robot is
commanded to behave as though its end effector were connected to the desired trajectory by a
virtual mechanical system.

A simple Cartesian spring—damper relation is

|F* = K(2q — ) + D(ig — @), |

where K is the desired stiffness and D is the desired damping. The corresponding actuator
torque may be produced through 7 = J? F*, together with gravity or dynamics compensation.

If the end effector is displaced from the desired pose, the robot does not necessarily attempt
to eliminate the displacement with arbitrarily large effort. Instead, displacement produces a force
determined by the chosen virtual stiffness.

A more complete desired impedance is

’ Mg(3 — #q) + Da(® — 24) + Ka(z — 24) = Fext. ‘

The matrices My, Dy, and K, specify the apparent inertia, damping, and stiffness that the
robot presents to its environment.

A high stiffness causes the end effector to behave almost like a rigid position-controlled device.
A lower stiffness permits greater displacement under external force and therefore produces more
compliant interaction.
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This is useful in tasks such as assembly, grasping, human—robot interaction, surface contact, and
manipulation in uncertain environments. If an object’s position differs slightly from the estimate,
compliance allows the robot to adapt physically rather than fighting the geometric error with large
contact forces.

Conceptually, impedance control implements the mapping

motion deviation — interaction force.

1.4.7 Admittance Control

Admittance control reverses the input-output relationship used in impedance control. Instead
of using motion error to generate force, admittance control measures force and generates desired
motion.

A virtual mechanical system may be defined as

Mgiq+ Dgiq + Kq(xqg — x0) = Fext,

where xg is a nominal equilibrium pose. The measured external force therefore moves the desired
trajectory according to the chosen virtual mass, damping, and stiffness.

Conceptually,

measured force — desired motion.

This distinction is strongly related to the underlying robot hardware. A torque-controlled robot
can often implement impedance directly by commanding actuator torques. A robot with a strong
internal position servo may instead be easier to control through admittance: a force sensor measures
interaction force, the admittance model converts that force into a modified position command, and
the existing position controller follows the result.

Consider a robot handle intended to be moved by a person. If the person pushes with force Feyt,
an admittance controller can move the commanded position in the direction of the push. Increasing
the virtual mass makes the system respond more slowly, increasing damping reduces oscillation,
and increasing stiffness causes the robot to return more strongly toward its nominal pose.

Impedance and admittance therefore aim to create similar physical interaction behavior but
differ in which quantity is treated as the controller input and which is produced as the output.

1.4.8 Force Control

Some manipulation tasks require direct regulation of contact force rather than position. Exam-
ples include maintaining a specified normal force while polishing a surface, applying a controlled
insertion force during assembly, or maintaining a desired grasp force.

Suppose a force/torque sensor measures the external wrench Fey, and the desired wrench is Fy.
The force error is ep = Fjj — Foxt.
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A simple proportional force controller may generate a correction proportional to this error. For
a scalar contact direction, one might write ur = Krep. Integral action can be added to eliminate
steady-state force error, giving up = Kpep + K| [ epdt.

The precise interpretation of ur depends on the underlying control architecture. On a torque-
controlled manipulator, a desired Cartesian wrench can be converted into joint torque through

e = JUF*,

On a position-controlled robot, the force controller may instead modify the desired position,
effectively producing an admittance-like outer loop.

Direct force regulation generally requires contact with the environment. Before contact, the
environment cannot produce the commanded reaction force. This makes transitions between free-
space motion and contact important. A controller that blindly increases commanded force while
no object is present can cause the robot to accelerate into the environment once contact occurs.

Force-control performance also depends on environment stiffness. If the environment is ex-
tremely stiff, a very small position change may produce a large force change. High force-feedback
gains can therefore destabilize the interaction, especially in the presence of sensor delay, actuator
dynamics, structural compliance, or communication latency.

1.4.9 Hybrid Position—Force Control

Many manipulation tasks require position regulation in some directions and force regulation in
others.

Consider wiping a table. Along the surface, the robot should follow a desired trajectory in
z and y. In the direction normal to the surface, however, exact position is less important than
maintaining an appropriate contact force.

Trying to control both exact normal position and exact normal force simultaneously is generally
contradictory when the environment constrains the contact geometry. Instead, the task space can
be divided into position-controlled and force-controlled subspaces.

Let S, denote a selection matrix for position-controlled directions, and let Sy select force-
controlled directions. For complementary task directions,

Sy+S =1, 5,8 =0.

A Cartesian motion controller can produce a wrench Fj, associated with position tracking, while
a force controller produces F'y. The combined command can then be written conceptually as

F* = Spr —{—SfFf.

Joint torque is obtained through

r=JrF*
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For the table-wiping example, one might select tangential z- and y-motion for position control
while selecting the surface-normal z-direction for force control.

The same principle applies to constrained manipulation. When turning a crank, opening a
door, sliding an object along a wall, or inserting a peg, the environment constrains some motion
directions while leaving others relatively free.

Hybrid position—force control explicitly represents this geometric structure rather than asking
a single position controller to resolve the interaction implicitly.

1.4.10 Model Predictive Control

Model Predictive Control (MPC) chooses control actions by repeatedly predicting the future
evolution of the robot and optimizing behavior over a finite horizon.

Suppose the robot dynamics are represented in discrete time as zx11 = f(xg, ux), where xy is
the state and wyg is the control input. MPC solves for a sequence of future inputs wuq, ..., ug_1.

A typical objective is

T

min 3 [(w = 2T Qap - 2i) + of Ruy| + (@nr — 235 Qp(wn - o3)
Uo:H—1
0

e
Il

subject to the system dynamics and constraints such as Tpin < T < Tmax and Upin < ug <

Umax-

The matrix () penalizes tracking error, R penalizes excessive control effort, and @ penalizes
terminal-state error.

Although MPC computes an entire sequence

* * *
Uy, Upyee U1,

only the first command w is normally executed. The system is measured again, the horizon
moves forward, and the optimization is solved again. This process is known as receding-horizon
control.

The important distinction from a conventional feedback controller is that MPC reasons explicitly
about future consequences. A simple PD controller determines the current command from current
tracking error. MPC asks how the current command will influence states several steps into the
future.

Its major advantage is the natural treatment of constraints. Joint limits, velocity limits, torque
limits, collision constraints, friction constraints, and contact conditions can potentially be included
directly in the optimization problem.

The cost is computation. Linear MPC with quadratic costs can often be solved quickly, while
nonlinear MPC for a high-degree-of-freedom robot with contact dynamics may require substantial
computation at every control step.

For robotics, MPC is therefore particularly attractive when predicting ahead and respecting
constraints are important enough to justify the additional computational cost.
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1.4.11 Whole-Body Control

Whole-body control extends task-space control to robots with many degrees of freedom and
multiple simultaneous objectives. Humanoids, quadrupeds, and mobile manipulators may need to
control end-effector motion, base motion, balance, posture, contact forces, and joint limits at the
same time.

For task ¢, differential kinematics give

i = i + Jig.

If the desired task acceleration is &}, a whole-body controller may solve an optimization such
as

. 2
Jii+ g — ]|

ming ‘
i

g7, Fe

subject to the rigid-body dynamics

M(q)i+C(q,4)d +g(q) =7+ JI'F,,

along with actuator, joint, and contact constraints.

For a legged robot, the contact force F, may be constrained to remain inside a friction cone so
that the feet do not slip. Actuator torques may satisfy Tmin < 7 < Tmax, and joint accelerations
may also be bounded.

Different tasks can be combined using weights W;. For example, maintaining balance may
receive a larger weight than tracking a preferred arm posture.

An alternative is strict task prioritization. A high-priority task is solved first, and lower-priority
commands are allowed only in directions that do not interfere with that task. This extends the
null-space idea from inverse kinematics into constrained dynamic control.

Whole-body control can therefore be viewed as a bridge between classical feedback control and
online constrained optimization. Rather than designing a separate independent controller for every
degree of freedom, the robot solves for a physically consistent action satisfying many objectives
simultaneously.

1.4.12 Learned Policies and Low-Level Control

Modern robot-learning systems often separate learned decision-making from high-frequency
physical control.

A learned policy maps observations into actions,

ar = (o),

but the action need not be a motor torque. It may instead be a desired joint configuration ¢4,
a desired end-effector pose x4, a relative displacement Az, a desired velocity, or a short trajectory.
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A common architecture is therefore

observations — learned policy — desired robot motion — classical controller — 7.

For example, a vision-language-action model may process images and language at 10-30 Hz
and produce Cartesian end-effector targets, while an impedance or torque controller runs at several
hundred hertz or more.

This separation is useful because high-level learning and low-level control solve different prob-
lems. The learned policy can focus on perception, semantic understanding, task sequencing, and
generalization across environments. The lower-level controller handles fast feedback, actuator dy-
namics, model compensation, contact disturbances, and stability.

The action representation determines where responsibility lies between these layers. A high-
level pose action such as a; = x4 gives substantial authority to the classical controller. The learned
model does not need to learn the fast mechanical response of the robot explicitly.

At the opposite extreme, a torque-level policy directly outputs a; = 7. Such a policy has
greater control authority and can exploit nonlinear dynamics that may be difficult to model, but it
must generally operate at higher frequency and learn behaviors that would otherwise be handled
by the controller.

This produces a useful spectrum:

pose targets — velocity targets — joint targets — torques,

with progressively more responsibility transferred from the classical controller to the learned
policy.

Intermediate approaches are also possible. A learned policy may predict nominal actions while
a conventional controller provides stabilizing feedback, or learning may supply residual corrections
to a model-based controller. The key architectural question is therefore not simply whether a robot
uses learning or classical control, but which parts of the control hierarchy are learned and which
remain explicitly model based.

1.4.13 Relationship Between the Control Methods

The control methods described above are not mutually exclusive. They address different levels
of the robot-control problem.

PID and joint-space control provide direct feedback around joint variables. Feedforward and
computed-torque methods use a dynamics model to anticipate the torque required for a desired
motion. Operational-space control expresses dynamic objectives directly in Cartesian coordinates.
Impedance and admittance control shape the physical relationship between motion and interaction
force. Force and hybrid position—force control explicitly regulate contact behavior. MPC reasons
over a future time horizon while accounting for constraints. Whole-body control coordinates several
simultaneous tasks across many robot degrees of freedom. Learned policies can operate above,
alongside, or in place of portions of this classical hierarchy.

A modern manipulation system might therefore use several of these ideas simultaneously. A
learned policy could select an end-effector target, an MPC layer could generate a feasible short-
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horizon trajectory, an operational-space impedance controller could track that trajectory, and a
high-rate torque loop could execute the resulting commands.

The overall control stack can therefore be viewed as a hierarchy,

task objective — motion generation — feedback control — actuator command — physical robot.

1.4.14 Summary

Robot control closes the loop between desired and measured behavior. Feedback control re-
sponds to tracking error, while feedforward control uses a model to anticipate the physical effort
required to execute a desired trajectory.

PID and joint-space controllers regulate joint-level errors directly. Gravity compensation and
computed-torque control incorporate increasingly detailed models of the robot dynamics. Cartesian
and operational-space control move the control objective into task coordinates, where manipulation
objectives can be specified more naturally.

During contact, position regulation alone is often insufficient. Impedance control specifies how
motion deviations create interaction forces, whereas admittance control maps measured forces into
desired motion. Direct force control regulates interaction wrench, and hybrid position—force control
separates task directions into those that should follow motion commands and those that should
regulate force.

MPC adds explicit prediction and constraints, while whole-body control coordinates several
simultaneous objectives under the complete robot dynamics. Learned policies introduce another
layer of abstraction: they can generate high-level targets for conventional controllers or directly
produce lower-level actions.

The central principle across these approaches is that successful robot control requires matching
the control representation to the physical task. Free-space motion, high-speed trajectory tracking,
compliant manipulation, constrained contact, locomotion, and learned behavior place different
requirements on the control system, and modern robots frequently combine several of these methods
within a single hierarchy.
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1.5 State Estimation and Sensor Fusion

A robot rarely has direct access to every physical quantity required for navigation and control.
Joint encoders measure internal configuration, an IMU measures angular velocity and specific force,
cameras observe image intensities, LIDAR measures ranges, and GPS may provide global position.
Quantities such as global pose, velocity, sensor bias, object motion, or contact state must therefore
be inferred from incomplete and noisy measurements.

State estimation combines a model of how the system evolves with measurements from one or
more sensors to estimate these hidden quantities. The underlying problem is inherently probabilis-
tic. Even if the robot has an accurate motion model, disturbances and unmodeled dynamics create
uncertainty during prediction. Likewise, sensors provide imperfect observations corrupted by noise,
limited resolution, calibration error, occlusion, and environmental effects.

A useful abstract model is to let x; denote the hidden state, u; the control or motion input, and
2z the sensor measurement. The system evolves according to a transition model p(xy | x4—1, us—1),
while measurements are described by a likelihood p(z; | ;). State estimation then seeks the
posterior distribution p(z; | z1.¢, u1:4—1)-

1.5.1 Probabilistic State Estimation

A deterministic estimator produces a single state estimate #;. A probabilistic estimator ad-
ditionally represents uncertainty about that estimate. This distinction is important because two
estimates with the same numerical value may have very different reliability.

For example, a mobile robot may estimate its position as £ = 10 m. If the associated standard
deviation is 0.01 m, the estimate is highly certain; if the standard deviation is 5 m, the same mean
conveys much less information.

In a Gaussian representation, uncertainty is described by a mean & and covariance P, written
x ~ N(&, P). For an estimation error e = x — &, the covariance is P = Elee’]. Diagonal terms of
P describe uncertainty in individual state variables, while off-diagonal terms describe correlations
between their errors.

These correlations matter physically. If a mobile robot has uncertainty in heading, then after
moving forward its uncertainty in Cartesian position may increase. Similarly, camera observations
may couple uncertainty in depth, position, and orientation.

Probabilistic estimation therefore attempts to track not only the most likely state but also how
uncertainty evolves as the robot moves and receives measurements.

1.5.2 Bayes Filtering

The general recursive solution to the state-estimation problem is the Bayes filter. At each
timestep the estimator first predicts the state using the motion model and then corrects that
prediction using the new measurement.

Suppose the previous posterior is p(z¢—1 | 21:4—1,u14—2). The prediction step propagates this
distribution through the dynamics:
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p(xe | 21:0—1, U:—1) = /p(ﬂﬁt | Te—1, w—1)p(@e—1 | 21:6—1, Ut:p—2) dTyq.

The result is the prior distribution before observing z;. Once a measurement arrives, Bayes’
rule gives

’P(ﬂﬁt ! Zl:t;ulzt—l) X p(Zt \ xt)P(UCt \ Zl:t—lyulzt—l)-‘

The measurement likelihood p(z; | ;) assigns larger probability to states that better explain
the observation. The measurement therefore reweights the predicted state distribution.

Conceptually, Bayesian filtering follows the repeated cycle

prior state — motion prediction — measurement comparison — posterior state.

Different state-estimation algorithms differ primarily in how they represent the probability dis-
tribution and how accurately they perform these two operations. The Kalman filter represents the
distribution as a Gaussian and assumes linear models. The EKF retains the Gaussian representa-
tion but linearizes nonlinear models. The UKF propagates a set of deterministically chosen sigma
points. Particle filters approximate the entire posterior using weighted random samples.

1.5.3 Kalman Filter
The Kalman filter is a recursive estimator for linear dynamical systems with Gaussian uncer-
tainty. Its importance comes not merely from the equations themselves, but from the way those

equations combine two uncertain sources of information: a prediction from the system model and
a measurement from a sensor.

Consider the linear stochastic system

xy = Arxi—1 + Bruy + wy, wy ~ N(0,Q),

with measurement model

2y = Hywy + vy, v ~ N(0, Ry).

Here x; is the hidden system state, u; is a known control input, and z; is the measurement. The
matrices (J; and R; describe uncertainty in the motion model and sensor respectively.

The filter maintains an estimated state Z; together with its covariance P;. The estimation error
is e = x4 — T4, so the covariance is

Pt =E [etetT] .
The Kalman-filter recursion consists of two stages: prediction and correction.
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Prediction of the State

Suppose the posterior estimate at time t — 1 is #;—1. Taking the expectation of the state-
transition equation and using E[w;] = 0 gives

E[ZEt] == AtE[JEt,ﬂ + Btut.

Replacing the unknown expectation with the current estimate gives the predicted state

it_ = Atfit_l + Btut.

The superscript (—) indicates that this is the prior estimate, before incorporating measurement
Zt.

Prediction of the Covariance

The predicted state alone is not sufficient; the estimator must also determine how uncertain
that prediction is.

The true state evolves according to

Tt — Atﬂft_l + Btut + W,

while the filter predicts

i't_ = Ati't—l + Btut.
Subtracting gives the prior estimation error

6; =Xt — i; = At(fL‘t_l — ﬂAft—l) + wy = Atet—l + wy.
The prior covariance is therefore
- —(—\T

Py :E[et (e;) ]

Substituting e, = Aie;—1 + wy gives

Pt_ =E [(Atet—l + wt)(Atet_1 + wt)T] .

Assuming the process noise is independent of the previous estimation error, the cross terms
vanish. Therefore,

P = AP 1 AT +Qy.
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The interpretation is important. The term A;P;_1 A} propagates existing uncertainty through
the system dynamics, while (); adds uncertainty introduced by disturbances and model imperfec-
tions.

Prediction therefore usually increases uncertainty.

The Measurement Innovation
When measurement z; arrives, the predicted state implies a predicted measurement
2 = Hiz, .

The discrepancy

yr = 2 — Hyy

is called the innovation or measurement residual.

The innovation measures how much new information the sensor provides relative to the current
prediction.

Using z; = Hyxy + vy,

Yt = Ht(iﬁt — i‘t_) + Ve = Htet_ + Vt.

Its covariance is therefore

S; = Elyyt .

Assuming measurement noise is independent of the predicted state error gives

Sy = H,P, H! + R;.

Thus, uncertainty in the measurement residual comes from two sources: uncertainty in the
predicted state and uncertainty in the sensor itself.

Choosing the State Correction

The corrected estimate is assumed to have the form

T =1, + Ky,

where K is a matrix that determines how strongly the innovation changes the state estimate.

Substituting the innovation gives

i’t:i';—l-Kt(Zt—Hti';).
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The problem is therefore to determine the optimal K.

The posterior estimation error is
€t = Tt — .f,'t.
Using the update equation,
et:IL‘t—i';—Kt (Zt—Hti’;).
Since e, = x; — 2, and z; = Hyxy + vy,
€t = (I - Kth)et_ — Kt’Ut.

The resulting posterior covariance is

P = (I - K:H)P (I - K;H)" + K;R K[

This expression describes how the choice of K; determines the uncertainty remaining after the
measurement update.

The Kalman gain is chosen to minimize the posterior uncertainty. Minimizing the trace of P;
with respect to K; gives

K, (HP;HI + R)) = P, HY.

Therefore,

_ _ -1
K, =P H (H, P H +R) .

Since the innovation covariance is S; = HtP[HtT + Ry, this can also be written compactly as

K= P H!'S; .

The Kalman gain is therefore not an arbitrary weighting factor. It follows from choosing the
linear correction that minimizes the uncertainty of the resulting state estimate.

Interpretation of the Kalman Gain

The scalar case makes the result intuitive. Suppose the state is observed directly, so H = 1.
Then

P_
K=——.
P+ R
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If the prediction is highly uncertain relative to the sensor, P~ > R, then K =~ 1. The update
becomes approximately & ~ z, meaning the estimator trusts the measurement.

If the sensor is much noisier than the prediction, R > P~, then K =~ 0, and the estimator
changes the predicted state only slightly.

Thus, the Kalman gain performs an uncertainty-weighted compromise between model prediction
and sensor observation.

Posterior Covariance

After applying the optimal gain, the covariance may be updated using

P= (I - K.H,)P;.

A numerically safer form is the Joseph covariance update,

P = (I — K:H) P, (I — KeHy)T + KR K[

The Joseph form follows directly from the posterior error equation and better preserves covari-
ance symmetry and positive semidefiniteness under finite-precision computation.

The complete Kalman-filter recursion can therefore be summarized as

T, = A1 + Brug,
Py = AP A + Qu,
yr = 2 — Hyy

Sy = HyP, H! + Ry,
K= P H{ S,

&y =2y + Ky,

P, = (I — K,H,)P,.

The important conceptual sequence is not merely the equations themselves:

predict state
+

propagate uncertainty

I

compare prediction with measurement

I

quantify residual uncertainty

1

compute optimal weighting

1

correct state and uncertainty
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The Kalman filter is therefore best understood as an optimal uncertainty-weighted fusion of
a dynamical prediction and a noisy observation under the assumptions of linear dynamics and
Gaussian noise.

The Kalman filter gives the exact recursive posterior mean and covariance for a linear dynamical
system with Gaussian process and measurement noise. The system model is xy = Apx—1+ Brug+wy,
and the measurement model is z; = Hyzy + v, where wy ~ N (0,Q;) and vy ~ N(0, Ry).

The filter maintains a state estimate Z; and covariance P;. Each update consists of prediction
followed by measurement correction.

Prediction

The predicted state is

T, = A1 + By, b = AtPt—lAtT + Q.

The superscript (—) denotes the prior estimate before incorporating the current measurement.

The covariance equation has a direct interpretation. The term A;P; 1A} propagates exist-
ing uncertainty through the system dynamics, while Q); accounts for new uncertainty caused by
imperfect modeling and disturbances.

Thus, even if no measurement is received, uncertainty normally grows as the system evolves.

Measurement Innovation

Given the predicted state, the expected sensor measurement is 2; = H;z; . The difference
between the actual and predicted measurement,

ye = 2z — Hyay

is called the innovation or measurement residual.

The innovation covariance is

Sy = HyP HI + R;.

The first term represents uncertainty in the predicted state expressed in measurement coordi-
nates, while R; represents measurement noise.

A large innovation does not automatically mean that the state estimate is wrong. The impor-
tance of that innovation depends on how uncertain the predicted state and measurement are.

Kalman Gain and Correction

The Kalman gain determines how strongly the state should move toward the new measurement:

— — -1
Ky =P H} (HPf H/ +R;) .
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The corrected estimate is then

i’t:(i‘t_—FKt(Zt—Ht(i't_).

For a scalar system with H = 1, the gain reduces to K = P~/(P~ + R). If P~ > R, the
prediction is relatively uncertain and K = 1, so the filter trusts the measurement. If R > P~, the
measurement is relatively noisy and K = 0, so the estimator trusts the model.

After the state update, the covariance can be written in the simplified form P; = (I — K:H) P, .
In numerical implementations, the Joseph form

P, = (I — K;H,) P, (I — K:H)" + K,R KT

is often preferred because it better preserves symmetry and positive semidefiniteness under
finite-precision arithmetic.

The essential Kalman-filter cycle is therefore prediction of both state and uncertainty, compar-
ison with a new measurement, uncertainty-weighted correction, and reduction of posterior uncer-
tainty.

1.5.4 Extended Kalman Filter

Most robotic systems are nonlinear. A mobile robot’s Cartesian motion depends on sin 6 and
cos @, camera projection contains division by depth, and rigid-body orientation evolves on a non-
linear manifold. The system is therefore more naturally written as z; = f(x¢—1,u) + wy with
measurement z; = h(x;) + vy.

The Extended Kalman Filter preserves the Gaussian structure of the Kalman filter but handles
nonlinear dynamics by repeatedly constructing a local linear approximation.

The mean is propagated through the true nonlinear model,

i‘; = f(:i‘tflvut)’

while uncertainty is propagated using the Jacobian

F = af(;;“t) A

r=Er—1

The covariance prediction becomes

Py = F,P 1 F + Q.

The measurement model is treated similarly. The predicted measurement is 2; = h(Z; ), and
the measurement Jacobian is




The innovation, innovation covariance, gain, and state correction are then y; = 2z — h(Z; ),
Sy = HyP; H + Ry, K; = PTHF'S; !, and & = 3, + K.

The central idea is therefore

nonlinear model for the state, local linear model for the uncertainty.

The EKF does not replace the nonlinear system with a globally linear one. It repeatedly
linearizes around the current estimate.

Why Linearization Can Fail

The EKF uses first-order approximations such as f(z) ~ f(%) + F(xz — &). This approximation
is accurate only when the uncertainty is sufficiently local and the nonlinear function is reasonably
well approximated by a tangent plane over that region.

If the state uncertainty becomes large, the predicted Gaussian may differ substantially from the
true transformed distribution. Incorrect Jacobians, poor initialization, underestimated noise, and
highly nonlinear measurements can therefore cause inconsistency or divergence.

The EKF nevertheless remains one of the most important estimation methods in robotics be-
cause it is computationally efficient and works well when the estimate stays near the true state.

1.5.5 Unscented Kalman Filter

The Unscented Kalman Filter addresses nonlinear estimation without explicitly computing first-
order Jacobians. Like the EKF, it represents the state distribution using a mean and covariance and
assumes an approximately Gaussian posterior. The difference lies in how a nonlinear transformation
of that Gaussian is approximated.

Suppose = ~ N(Z,P). Instead of linearizing a nonlinear function f(z), the UKF chooses
a deterministic collection of sigma points distributed around #. For an n-dimensional state, a
common construction uses 2n + 1 points,

=4 xi=i+[VErNP|,  xim=i- [V NP .

(2 (2
Each point is propagated through the full nonlinear model, x; = f(x;,u), and the transformed
mean and covariance are reconstructed from weighted combinations of the propagated sigma points.

The motivation is that approximating the probability distribution and then passing represen-
tative points through the exact nonlinear function can be more accurate than approximating the
nonlinear function itself with a first-order Taylor expansion.

The same idea is applied to measurements. Predicted sigma points are passed through h(-),
producing a predicted measurement distribution and a state-measurement cross covariance. A
Kalman-like gain is then formed from these quantities.

The UKF is therefore useful when nonlinearities are strong enough that first-order EKF lin-
earization becomes inaccurate but the posterior remains approximately unimodal and Gaussian.
Its disadvantages are greater computational cost than a basic EKF and the need to carefully handle
states such as rotations that do not naturally live in Euclidean vector spaces.
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1.5.6 Particle Filters

Kalman-style filters compress uncertainty into a single Gaussian. This representation cannot

naturally describe several widely separated hypotheses. A particle filter instead represents the

posterior with weighted samples {xgi), w,gi) ,-]\Ll, approximating

N
p(xy | 214) = ngz)é(xt — x,gz)).
i=1

During prediction, each particle is propagated through the motion model. For stochastic dy-

namics this can be written a:,@ ~ p(xy | ajgi_)l, Ut—1)-

When a measurement arrives, particles that better explain the observation receive larger weights.
In a bootstrap particle filter the unnormalized update is

@ = wp(z | 2),

followed by normalization wt(i) = d)t(i) /22 u?lgj ),

Over time, most particles may acquire nearly zero weight while only a few dominate. This
phenomenon is called particle degeneracy. A useful diagnostic is the effective sample size Neg ~
1/ Zi(wgl) )2. When N.g becomes too small, the filter resamples particles in proportion to their
weights.

Resampling removes low-probability hypotheses and duplicates high-probability hypotheses.
After resampling, the particles are commonly assigned equal weights.

The major advantage of particle filters is their ability to represent multimodal posteriors. If a
robot could plausibly occupy either of two distant corridors, the particle distribution can contain
one cluster in each corridor. A single Gaussian estimate would instead tend to summarize these
possibilities using one mean and covariance, possibly placing the mean in a location where the
robot is unlikely to be.

The principal disadvantage is scaling. A large number of particles may be required to represent
uncertainty accurately in a high-dimensional state space, making particle filters especially useful for
lower-dimensional localization problems but less attractive for very large inertial-navigation states.

1.5.7 Sensor Fusion

No single sensor provides perfect information about a robot’s state. Sensor fusion combines
measurements with complementary strengths so that one sensor compensates for limitations in
another.

An IMU provides high-rate angular velocity and specific-force measurements but accumulates
drift when integrated. Cameras provide rich geometric constraints but depend on scene texture,
lighting, and successful feature or image matching. LiDAR provides accurate geometric range
information but may be lower-rate and computationally expensive. GPS provides global position
outdoors but may be unavailable or degraded near buildings and indoors. Wheel encoders provide
precise local motion information but accumulate error through slip.
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A fused estimator combines these sources through a common latent state. A practical navigation
state may contain

:U:[p v oq b, bg]T

I

where p is position, v velocity, ¢ orientation, and b, and b, are accelerometer and gyroscope
biases.

High-rate IMU measurements can propagate the state, while lower-rate measurements from
cameras, GPS, wheel odometry, or LIDAR correct accumulated drift. The estimator therefore
separates sensors according to their information content rather than merely averaging their outputs.

A measurement should influence the state according to both its uncertainty and the correla-
tion structure of the state covariance. This is the deeper meaning of probabilistic sensor fusion:
information is combined in proportion to what each sensor can actually constrain.

1.5.8 Observability

Before designing an estimator, it is important to ask whether the desired state can be inferred
from the available measurements at all. This property is called observability.

For the linear system x;y1 = Ax; with measurements y; = Cz;, the observability matrix is

C
CA
O = C A2

[cAm

The complete state is observable if rank(Q) = n.

The key point is that observability is a property of the system and measurements, not of the
estimator algorithm. If some component of the state never influences the sensor measurements, no
Kalman filter, neural network, or optimizer can recover it uniquely from those measurements alone.

Robotics frequently contains partially observable directions. Monocular visual odometry, for
example, cannot recover absolute metric scale without additional information. Pure inertial in-
tegration cannot determine global position over long periods because small bias errors integrate
into drift. Visual-inertial systems can constrain metric scale through accelerometer measurements,
but global position and absolute yaw may remain unobservable without external references such as
GPS, landmarks, or magnetometers.

Observability can also depend on motion. A sensor configuration may theoretically provide
information about a parameter, yet particular trajectories may fail to excite that parameter suf-
ficiently. Calibration and state-estimation systems therefore benefit from trajectories that create
informative motion.
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1.5.9 IMU Integration

An inertial measurement unit typically provides gyroscope measurements w,, and accelerometer
measurements a,,. These measurements are commonly modeled as w;,, = w + by + ny and a,, =
R™(a — g) + by + ng, where by, and b, are slowly varying biases and n, and n, are measurement
noise.

After bias correction, angular velocity is approximately w = w,, — by;. Over a short timestep
At, the incremental rotation vector is A¢ ~ wAt.

Using quaternions, the corresponding incremental rotation is

w
—— sin(||wl||At/2
TR ([lwl[At/2)

I

[ cos(||w||At/2)
q pry

and the orientation can be propagated using qx+1 = ¢x ® Aq. For sufficiently small At, Ag ~
1, 2wAtT.

Accelerometer measurements require more care because an accelerometer measures specific force,
not simply world-frame linear acceleration. After removing bias and rotating the measurement into
the world frame, the acceleration estimate is

aw = Rwp(am — by) + gw. ‘

Velocity and position can then be propagated approximately as vipi11 = v + aw At and pgiq =
Pr + v At + %awALQ.

These equations appear simple, but repeated integration makes inertial navigation extremely
sensitive to error. A small constant gyroscope bias creates an orientation error that grows with time.
That orientation error causes gravity to be projected incorrectly into the horizontal acceleration
estimate. The resulting acceleration error is then integrated once into velocity error and again into
position error.

Similarly, a constant accelerometer bias b, produces velocity error that grows approximately
linearly with time and position error that grows approximately quadratically.

For this reason, inertial measurements are excellent for high-rate short-term propagation but
require external measurements to prevent long-term drift.

1.5.10 Bias Estimation

IMU biases are usually included directly in the estimator state because treating them as known
constants leads to rapid drift. A common bias model is a random walk such as by 11 = by r + Wig
and ba,k+1 = ba,k + Wyq-

The estimator then learns the biases indirectly from disagreement between inertial predictions
and external measurements. For example, if visual measurements repeatedly indicate that the
inertial prediction rotates slightly too fast, the estimator can attribute part of the discrepancy to
gyroscope bias.
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Bias estimation illustrates an important principle in sensor fusion: states do not need to be mea-
sured directly to be estimated. They need only influence measurements in a sufficiently observable
way.

1.5.11 Visual-Inertial Estimation

Visual-inertial estimation combines the complementary characteristics of cameras and IMUs.
The IMU provides high-frequency motion information and remains useful during rapid motion,
while visual observations provide geometric constraints that correct inertial drift.

A typical visual-inertial state contains position p, velocity v, orientation R or quaternion g,
accelerometer bias b,, and gyroscope bias by;. Depending on the system, it may also contain camera—
IMU calibration parameters, landmarks, past camera poses, or timing offsets.

Between camera frames, IMU data propagate the state forward. When a new image arrives,
visual measurements compare predicted scene geometry with observed image features or image
intensities. The resulting residual corrects the inertial state.

For a landmark Py observed by a camera, the predicted camera-frame point is Po = Row (Pw —
pw ), followed by perspective projection into the image. A visual residual can then be formed from
the difference between the observed and predicted pixel location.

Thus the estimator combines an inertial motion model with a geometric camera measurement
model.

Why the Sensors Complement Each Other

A camera can infer relative motion from changes in image geometry, but monocular vision alone
has difficulty determining metric scale. An accelerometer measures motion in physical units and
therefore introduces metric information.

The IMU, however, drifts rapidly when integrated because of bias and noise. Camera observa-
tions constrain that drift by repeatedly tying the trajectory back to scene geometry.

The relationship can therefore be summarized conceptually as

IMU — high-rate propagation, vision — drift correction.

Visual-inertial odometry estimates local motion over time, while visual-inertial SLAM ad-
ditionally maintains persistent map information and may incorporate loop closures that correct
accumulated long-term drift.

1.5.12 Filtering and Optimization-Based Estimation

Visual-inertial estimation can be implemented with recursive filters such as an error-state EKF
or with nonlinear optimization over a sliding time window.

A filter maintains a current state and covariance and incorporates measurements sequentially.
This provides bounded computational cost and is attractive for real-time embedded systems.
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A sliding-window optimizer instead retains a recent set of poses, velocities, biases, and visual
landmarks and minimizes the joint measurement error over that window. Schematically, the esti-
mator solves

: 2
H}%nzk: HTIC(X)HE;h

where the residuals may include visual reprojection errors, IMU integration errors, priors, and
other sensor measurements.

Optimization-based estimators can relinearize previous measurements as the state estimate
changes, which is often advantageous for strongly nonlinear problems. Their main cost is additional
computation and memory.

Both approaches use the same underlying physical information; they differ primarily in how
measurements are retained and how the estimation problem is numerically solved.

1.5.13 State Estimation on SO(3) and SE(3)

Robot pose does not naturally live in a Euclidean vector space. Orientation belongs to SO(3),
while a rigid-body pose belongs to SFE(3). Directly adding Gaussian perturbations to the entries
of a rotation matrix can violate the constraints R’ R = I and det R = 1.

Modern estimators therefore commonly distinguish between the nominal state, which lives on
the manifold, and a small error state, which lives in a local Euclidean tangent space.

Suppose the nominal orientation is Re SO(3). A nearby orientation can be represented as

R = RExp(6¢"),

where d¢ € R? is a small rotational error.

For small error, Exp(6¢”) ~ I +§¢”". The orientation therefore remains a valid rotation matrix
while the uncertainty can be represented using the ordinary three-dimensional vector d¢.

The same construction extends to pose. If T' € SE(3) is the nominal transformation and 6¢ € RS
is a small pose perturbation, one may write

T = T Exp(6€").

The covariance is then maintained over 6§, not directly over the constrained entries of 7.

When an update produces a correction d&, the state is retracted back onto the manifold using
the exponential map. The error state is then reset around the updated nominal pose.

This is the central idea behind error-state filters and manifold-based estimators.

1.5.14 Pose Residuals on SE(3)

Pose differences should likewise respect the group structure. If Ty is a measured or desired pose
and T is the current estimate, ordinary matrix subtraction Ty — T does not produce a meaningful
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six-dimensional pose error.

Instead, a relative transformation can be formed as T, 17, and the logarithmic map converts it
into a local vector:

e = Log (T;'T)" € RS.

This type of residual appears in pose-graph SLAM, calibration, nonlinear state estimation, and
trajectory optimization.

For example, if two poses T; and T} are connected by a measured relative pose Tij, a pose-graph
residual can be written as

N 11 v
ey = Log (T5'T7'T;)

The logarithmic map transforms the nonlinear group discrepancy into a local Euclidean error
that can be used in least-squares optimization.

1.5.15 Error-State Filtering

The error-state formulation is particularly common in inertial navigation. The nominal state
may contain p, v, R, b,, and by, while the small error state contains
T
ox = [5;0 ov d¢ db, 5bg] .
The nominal state is propagated using the nonlinear IMU equations. Meanwhile the covariance
of dx is propagated using a linearized error-dynamics model.

When another sensor produces a correction, the filter estimates dx. Translational, velocity, and
bias errors are added normally, while the rotation correction is applied through R <— RExp(d¢™).
The error state is then reset to zero and the covariance is adjusted accordingly.

This architecture avoids treating orientation as an unconstrained Euclidean quantity while
retaining the computational structure of a Kalman filter.

1.5.16 Choosing an Estimation Method

The different estimators described above solve the same Bayesian inference problem using dif-
ferent approximations.

The linear Kalman filter is appropriate when the system and measurement models are linear
and the uncertainty is well described by a Gaussian distribution. The EKF extends the same
representation to nonlinear systems through local linearization. The UKF avoids explicit Jacobians
and instead propagates representative sigma points through the nonlinear functions. Particle filters
can represent strongly non-Gaussian or multimodal posteriors but scale poorly with state dimension.

For robot navigation, the EKF and error-state EKF remain common when computational effi-
ciency and high update rate are important. Optimization-based estimators and factor graphs are
frequently used when many nonlinear geometric measurements must be jointly reconciled. Particle
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filters remain particularly valuable when the central challenge is ambiguity between several distinct
pose hypotheses.

The choice is therefore not determined simply by which method is most mathematically so-
phisticated. It depends on the state dimension, degree of nonlinearity, expected posterior shape,
sensor rates, computational resources, and whether the application requires maintaining multiple
hypotheses.

1.5.17 Summary

State estimation reconstructs hidden robot state from imperfect models and noisy measure-
ments. The general Bayesian filtering framework alternates between a prediction step,

p(xe | 21:0-1) = /P(mt | 2e—1)p(@i—1 | 21:4—1)dTi—1,

and a measurement correction,

P(xt \ Zl:t) X P(Zt ‘ xt)p(mt | Zl:t—l).

The Kalman filter implements this recursion exactly for linear Gaussian systems. The Extended
Kalman Filter applies the same structure to nonlinear systems by propagating the mean through
the true nonlinear model and propagating uncertainty through local Jacobians. The Unscented
Kalman Filter instead propagates carefully selected sigma points through the nonlinear model,
while particle filters represent the posterior using weighted samples and can maintain multiple
distinct hypotheses.

Sensor fusion combines complementary measurements through a shared latent state. IMUs
provide high-frequency motion propagation but drift under integration; cameras, LiDAR, GPS,
and other sensors provide observations that constrain this drift. Visual-inertial estimation is a
particularly important example in which inertial propagation and visual geometric correction work
together.

Observability determines which components of the state can actually be inferred from the avail-
able motion and measurements. No estimator can reliably recover a fundamentally unobservable
quantity.

Finally, robot pose estimation requires respecting the geometry of SO(3) and SE(3). Rather
than treating rotations and poses as ordinary Euclidean vectors, modern estimators commonly
maintain nominal states on the manifold and represent small errors in the corresponding tangent
space. Exponential and logarithmic maps then connect local uncertainty with globally valid rigid-
body transformations.

Together, probabilistic estimation, sensor fusion, observability analysis, inertial propagation,
and manifold-aware pose representation provide the state information required by perception, map-
ping, planning, and feedback control.
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1.6 Localization and Mapping

A mobile robot must continually answer two closely related questions: where am I? and what
does the environment around me look like? Localization estimates the robot’s pose relative to some
reference frame, while mapping constructs a representation of the surrounding environment. In
many practical systems these problems are coupled, because localization requires knowledge of the
environment while accurate mapping requires knowledge of the robot trajectory.

Odometry provides short-term relative motion estimates. Mapping integrates observations into
a persistent representation. Simultaneous Localization and Mapping, or SLAM, estimates both the
trajectory and the map while accounting for uncertainty and revising previous estimates when new
information becomes available.

The geometric state of the robot is commonly represented by a rigid transformation Ty p €
SE(3), describing the pose of the robot body frame B relative to a world frame W. A localization
system therefore estimates a sequence Ty, 11, . . . , T, while a mapping system additionally estimates
environmental variables such as landmarks, surfaces, occupancy, or dense geometry.

1.6.1 Odometry

Odometry estimates incremental motion from measurements generated as the robot moves.
Rather than determining an absolute global pose directly, it typically estimates the relative trans-
formation between consecutive states.

Let 7} k—1,x denote the estimated motion from timestep £ — 1 to k. The global pose can be
propagated recursively as

Twik = Twk-1Tk—-1 k-

The relative transform may be estimated from wheel encoders, inertial sensors, cameras, LiIDAR,
joint kinematics, or combinations of these sensors.

Wheel odometry, for example, estimates motion from wheel rotations. For a differential-drive
robot with left and right wheel travel As; and Aspg, the approximate forward displacement is
As = (Asp + Asr)/2, while the heading change for wheel separation b is A0 = (Asg — Asp)/b.
These increments can then be integrated into the robot pose.

Odometry is fundamentally incremental, so errors accumulate. If each estimated transform
contains a small error,

Th1x = Th1 £ AT,

then repeatedly composing these estimates also composes their errors. The resulting trajectory
gradually drifts away from the true trajectory.

This distinction is important:
odometry provides locally consistent relative motion,

while
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global localization requires external or repeated environmental constraints.

A robot may therefore have excellent short-term odometry while accumulating substantial long-
term position or heading error.

The nature of the drift depends on the sensor. Wheel odometry is affected by slip and imperfect
wheel calibration. IMU odometry is affected strongly by bias and integration drift. Visual odometry
can fail under poor texture, lighting changes, blur, or insufficient parallax. LiDAR odometry can
become weak in geometrically repetitive environments such as long corridors.

1.6.2 Visual Odometry

Visual odometry estimates camera motion from a sequence of images. Given images I and
I, the objective is to estimate the relative camera transformation 7j,_1 .

Visual odometry can broadly be divided into feature-based and direct approaches.

Feature-based methods first identify repeatable image features, match them between frames,
and infer camera motion from the resulting geometric correspondences. A typical pipeline is

detect image features

1

match or track features

!

reject outliers

1

estimate relative pose

!

refine motion estimate.

For two calibrated monocular views, corresponding normalized image coordinates x; and x9
satisfy the epipolar constraint :EQTE:cl = 0, where the essential matrix is E = [t]« R. Estimating F
therefore constrains the relative rotation R and translation direction ¢.

A fundamental limitation is that monocular two-view geometry does not determine the mag-
nitude of translation. If ¢ satisfies the epipolar geometry, then so does at for positive scale a.
Monocular visual odometry therefore lacks absolute metric scale unless additional information is
introduced.

Stereo cameras, RGB-D cameras, known object geometry, wheel odometry, or inertial sensing
can provide metric scale.

Once three-dimensional landmarks have been reconstructed, subsequent camera poses can often
be estimated through Perspective-n-Point. Given world points P; and image observations p;, PnP
estimates R,t satisfying \;p; = K(RP, + t).

Direct visual odometry avoids explicitly extracting sparse features and instead minimizes pho-
tometric inconsistency between images. If pixel u in one frame corresponds to a projected location
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u’ in another, a direct residual may be written as r(u) = I (u') — I_1(u). Motion is then estimated
by minimizing the photometric residual over many pixels.

Feature methods tend to be robust to moderate illumination changes and can operate on sparse
measurements. Direct methods use more image information but require a more accurate photo-
metric model and a sufficiently good initialization.

Regardless of the method, visual odometry produces primarily local motion estimates. Without
global constraints, the resulting trajectory still accumulates drift.

1.6.3 Mapping

Mapping constructs a persistent representation of the environment from robot observations.
The appropriate map representation depends strongly on the task.

A landmark map stores sparse geometric features such as points P; € R3. This representa-
tion is common in visual SLAM because image observations can be related directly to landmark
projections.

A point-cloud map stores large collections of three-dimensional measurements,

P:{p17p27"')pN}7 szRg

Such maps are natural for LIDAR and depth-camera systems. Each new scan can be transformed
into the global frame and accumulated into the existing map.

An occupancy map represents whether regions of space are free or occupied. In a two-dimensional
occupancy grid, the environment is divided into cells, each storing a probability such as p(m; =
occupied). Sensor measurements update these probabilities as new evidence is observed.

For numerical convenience, occupancy-grid mapping often uses log odds. If p; is the occupancy
probability of cell 4, define ; = log[p;/(1 — p;)]. Independent measurement updates then become
additive rather than requiring repeated multiplication of probabilities.

Dense maps may instead represent surfaces using meshes, signed-distance functions, truncated
signed-distance fields, surfels, or learned implicit representations.

The central difficulty in mapping is that every measurement must be placed in a common
coordinate system. If a point Pg is measured in camera coordinates and the camera pose is Ty ¢,
then its world position is determined by Py = TwcPo in homogeneous notation.

Consequently, pose error directly creates map error. If localization drifts, repeated observations
of the same physical wall may appear as several misaligned walls in the map. This coupling
motivates SLAM.

1.6.4 Simultaneous Localization and Mapping

Simultaneous Localization and Mapping estimates the robot trajectory and the environment
jointly from noisy measurements.

Given observations z1.7 and controls or motion inputs u1.7, SLAM can be written probabilisti-
cally as

92



’p(JSLT, m | 21:T, U1:T)7

where x1.7 is the trajectory and m represents map variables.

The coupling arises because observations of the environment improve the trajectory estimate,
while the trajectory estimate determines where those observations should be placed in the map.

A useful conceptual decomposition separates a SLAM system into a front end and a back end.
The front end converts raw sensor data into geometric constraints. It may perform feature detection,
feature matching, scan registration, place recognition, landmark association, or visual tracking. The
back end optimizes the robot trajectory and map so that these constraints are mutually consistent.

Thus,

raw sensor measurements

1

data association and relative constraints

1

graph or optimization problem

1

globally consistent trajectory and map.

This separation is not absolute, but it is useful conceptually. Front-end failures often arise
from incorrect correspondence or place recognition, while back-end errors arise from optimization,
modeling, or inconsistent uncertainty assumptions.

1.6.5 Local Registration

Many SLAM systems obtain relative-pose constraints by aligning successive sensor observations.

For point clouds, Iterative Closest Point estimates the rigid transform aligning a source cloud
p; to a target cloud ¢;. Point-to-point ICP minimizes

i Rp;i +t — g%
min} [ Fpi+t - al
T
A commonly used point-to-plane form instead minimizes
. T 2
r%}{lz [nf (Rpi +t — )],
K

where n; is the target surface normal.

ICP alternates between estimating correspondences and updating the rigid transformation.
Because the optimization is local, it generally requires a sufficiently accurate initial alignment.

When registration is performed between consecutive scans, the result provides LIDAR odometry.
When a current scan is aligned against a persistent local or global map, the same geometric principle
can provide localization relative to that map.
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1.6.6 Pose Graphs

As a robot travels, relative-pose measurements can be organized as a graph. Fach node repre-
sents a robot pose T; € SE(3), while an edge between nodes i and j represents a measured relative
transformation T5;.

If the current pose estimates were perfectly consistent with the measurement, they would satisfy
Ty = Ty
i LJ ij

Measurement noise and accumulated drift prevent exact consistency, so an error is defined on

SE(3):

A 11 \Y%
ey = Log (T'T7'T;) .

The transformation inside the logarithm compares the relative pose predicted by the current
trajectory with the measured relative pose. The logarithmic map converts this discrepancy into a
local vector in RS.

If each measurement has information matrix €2;;, pose-graph optimization solves

m'An Z ez;Qijeij .
1)

The information matrix is approximately the inverse of the measurement covariance, so reliable
constraints receive greater weight than uncertain constraints.

Most odometry edges connect nearby states,

T1 HTQHTgH-'-,

but SLAM becomes especially powerful when additional edges connect states observed far apart
in time.

Because relative measurements do not by themselves determine an absolute world coordinate
system, a pose graph has a gauge freedom. One pose, typically Tp, is therefore fixed or given a
strong prior to define the reference frame.

1.6.7 Loop Closure

A loop closure occurs when the robot recognizes a location that it has previously visited. Sup-
pose the robot returns near pose 7; after traveling for a long time and is currently at 7}. Local
odometry may have accumulated substantial drift, so the two pose estimates may disagree even
though the physical locations are nearly the same.

Recognizing the place allows the SLAM system to add a constraint Tij connecting the distant
portions of the trajectory.

Before loop closure, the graph may resemble a long chain of local odometry constraints. Adding
a loop-closure edge creates a cycle:
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Graph optimization can then distribute the accumulated inconsistency across many previous
poses rather than applying one abrupt correction at the current timestep.

Loop closure therefore transforms SLAM from simple incremental odometry into a globally
corrective estimator.

The process usually contains two distinct stages. Place recognition determines whether the
current observation might correspond to a previously visited location. Geometric verification then
checks whether the proposed match is physically consistent and estimates the relative transforma-
tion.

This distinction is critical because a false loop closure can be much more damaging than a
missed loop closure. An incorrect constraint may force unrelated areas of the map together and
corrupt the entire optimized trajectory.

For this reason, practical systems commonly require strong geometric verification, inlier testing,
consistency checks, and sometimes robust loss functions before accepting a loop closure.

1.6.8 Robust Estimation

Data association is imperfect. Feature matches, scan correspondences, and loop closures can
contain outliers, while ordinary least squares heavily penalizes large residuals.

Instead of minimizing only e’ Qe, a SLAM system may minimize a robustified objective

Z p (et uer)
%

where p(-) grows more slowly than the quadratic loss for large residuals.

The purpose is not to ignore all large errors. A large residual may represent a legitimate con-
straint that exposes accumulated drift. Rather, robust losses reduce the influence of measurements
whose residuals are far outside what the assumed Gaussian noise model predicts.

Robust estimation is especially important for loop closure because perceptual aliasing can pro-
duce confident but incorrect place matches.

1.6.9 Bundle Adjustment

Pose-graph optimization estimates poses from relative-pose constraints. Visual SLAM often
contains a richer geometric problem in which both camera poses and three-dimensional landmarks
are estimated directly from image measurements.

This joint optimization is called bundle adjustment.

Let T; denote camera pose ¢, P; landmark j, and z;; the observed pixel location of landmark
j in camera i. The predicted image location is obtained by transforming the landmark into the
camera frame and projecting it using the camera model.

If w(-) denotes perspective projection, the reprojection residual is
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Bundle adjustment solves

i Ts—1,.
EHRI) (2%; Op (T” >ij T ) ’

where O is the set of observed pose-landmark pairs and p may be a robust loss.

The optimization adjusts both camera poses and landmark positions so that the reconstructed
scene explains the measured image locations as consistently as possible.

Bundle adjustment is powerful because every landmark seen from several viewpoints couples
those viewpoints together. Moving one camera pose changes the reprojection residuals of every
landmark observed in that frame, while moving one landmark changes residuals across every camera
that sees it.

The resulting optimization can be very large, but its Jacobian is sparse because each image
observation depends only on one camera pose and one landmark. Modern solvers exploit this
sparse structure, often eliminating landmark variables using the Schur complement before solving
for camera-pose updates.

Bundle adjustment is commonly used for local refinement in visual odometry and for global
refinement in visual SLAM and structure-from-motion systems.

1.6.10 Pose Graph Optimization and Bundle Adjustment

Pose graphs and bundle adjustment are related but optimize different variables.

A pose graph typically contains only robot poses as variables, with relative-pose measurements
between them. It is compact and therefore well suited for large-scale trajectory correction.

Bundle adjustment retains the original geometric landmark observations and optimizes both
camera poses and landmarks. It preserves more information but generally creates a larger opti-
mization problem.

A visual SLAM system may therefore use local bundle adjustment for accurate geometric refine-
ment while maintaining a higher-level pose graph for large-scale loop closure and global consistency.

1.6.11 Factor Graphs

A factor graph provides a general probabilistic representation for state-estimation problems.
Variable nodes represent unknown quantities such as poses, velocities, IMU biases, or landmarks.
Factor nodes represent measurements or probabilistic relationships between subsets of these vari-
ables.

Suppose the unknown variables are collectively denoted X and the measurements are Z. Under
conditional independence assumptions, the posterior can be factored as
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p(X | 2) o [ u(X0).

k

where factor ¢ depends only on a small subset X of the complete state.

If each measurement has approximately Gaussian error, a factor can be expressed through a
residual ri(X%) and covariance Y. Maximum a posteriori estimation then becomes a nonlinear
least-squares problem,

X* = i XO)Te (X,
argng?%m( k) S re(Xk)

A pose-graph edge is therefore one example of a factor. An odometry factor relates two neigh-
boring poses. A landmark observation factor relates a pose and a landmark. An IMU factor may
relate pose, velocity, and bias states at consecutive keyframes. GPS may produce a unary position
factor, while a prior factor anchors the coordinate frame.

The power of the factor-graph representation comes from sparsity. A particular measurement
usually depends on only a small subset of the complete trajectory. The corresponding Jacobian
therefore contains large regions of zeros, allowing sparse numerical methods to solve estimation
problems involving many thousands of variables.

Factor graphs also provide a unified language for combining heterogeneous sensors. Rather than
designing a separate estimation procedure for every sensor combination, each sensor contributes
factors encoding its measurement model and uncertainty.

1.6.12 Linearization in Graph-Based Estimation

SLAM measurement models are nonlinear, so graph optimization proceeds iteratively.

Let the current state estimate be X, and let §X be a local perturbation. A residual can be
approximated as

r(X®déX)~r(X)+ JiX,
where J is the residual Jacobian and @ denotes an appropriate state update, including manifold-
aware updates for poses.

The nonlinear least-squares problem then produces linear normal equations of the form

HéX = —b,
where H is an approximate Hessian assembled from measurement Jacobians and information
matrices.

After solving for § X, the states are updated and the system is linearized again. Gauss—Newton
and Levenberg—Marquardt are common algorithms for this iterative process.

For pose variables T' € SE(3), the update should preserve the rigid-body structure. One possible
update is T < T Exp(d¢"), with 6¢ € RS,
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This connects graph-based localization directly to the SFE(3) machinery introduced earlier in
the chapter.

1.6.13 Visual-Inertial SLAM

Visual-inertial SLAM combines camera observations with inertial measurements while main-
taining both a trajectory and a persistent representation of the environment.

A typical state at keyframe k contains pose T}, velocity vy, gyroscope bias by, and accelerom-
eter bias b, ;. Landmark positions may also be included explicitly.

The IMU provides high-rate motion measurements between camera frames. Images provide
geometric constraints that prevent the inertial trajectory from drifting without bound.

At a high level,

IMU measurements

!

high-rate motion propagation

I

camera keyframe

¢

visual geometric constraints

1

joint trajectory and map optimization.

1.6.14 IMU Constraints Between Keyframes

A camera may operate at tens of frames per second while the IMU operates at hundreds or
thousands of hertz. Optimizing one state for every IMU measurement would create an unnecessarily
large problem.

Visual-inertial systems therefore commonly summarize the many IMU measurements between
two keyframes into a compact relative-motion constraint. This idea is known as IMU preintegration.

Between keyframes i and j, the gyroscope and accelerometer measurements are integrated to
construct approximate relative rotation, velocity, and position increments. Conceptually these
quantities represent

ARij,  Awvg,  Api;.
Rather than repeatedly reintegrating all raw IMU samples whenever the global pose estimate
changes, the preintegrated quantities provide a reusable constraint between the two keyframe states.
An IMU factor therefore connects variables such as T3, v;, b; and T}, vj, b;.

The camera contributes visual factors, while the IMU contributes inertial factors. Joint opti-
mization finds a trajectory that explains both.
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1.6.15 Visual Factors

Suppose landmark P; is observed in camera keyframe i at pixel z;;. The visual residual is a
reprojection error,

vis

’I“Z-j = Zij — T (TCWJ.PJ) .

These visual constraints provide strong information about relative geometry.

However, monocular vision alone has an unknown metric scale. The same image geometry can
be produced by simultaneously scaling the scene and camera translations.

The accelerometer measures motion in metric units and couples the visual reconstruction to
gravity and physical acceleration. As a result, visual-inertial estimation can recover metric scale
once sufficient informative motion has occurred.

1.6.16 Bias Estimation in Visual-Inertial SLAM

Gyroscope and accelerometer biases are typically included in the optimization state. Even small
biases create substantial drift when inertial measurements are repeatedly integrated.

A visual-inertial system may model the biases as slowly varying random walks. Visual obser-
vations then indirectly constrain them.

For example, if integrated gyroscope measurements consistently predict more rotation than the
images support, the optimizer can adjust the gyroscope bias rather than incorrectly changing the
scene geometry.

The estimator therefore solves not only for where the robot moved, but also for systematic
errors in the sensor model.

1.6.17 Observability in Visual-Inertial SLAM

Combining vision and inertial sensing resolves several ambiguities but not every possible degree
of freedom.

Monocular visual SLAM alone has an arbitrary global scale. Visual-inertial estimation can
make this scale observable through acceleration measurements.

Gravity also provides information about roll and pitch. Once the direction of gravity is esti-
mated, orientation relative to the vertical direction is constrained.

However, without an external global reference, absolute position remains arbitrary because
translating the complete trajectory and map together does not change the internal measurements.
Absolute yaw about the gravity direction may likewise remain unobservable in many visual-inertial
configurations.

These freedoms are not estimation failures. They are properties of the information available to
the system.

The estimator must therefore distinguish between
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quantities that are uncertain

and

quantities that are fundamentally unobservable.

Adding GPS, magnetometer information, known landmarks, or another global reference can
constrain some of these remaining degrees of freedom.

1.6.18 Keyframes and Sliding Windows

Keeping every image and every past state in an online optimization problem would eventually
make computation unbounded. Practical visual SLAM systems therefore select a subset of images
as keyframes.

Keyframes are retained because they provide useful geometric information or sufficient viewpoint
change relative to existing frames.

A sliding-window visual-inertial estimator may optimize only the most recent N keyframes
together with their velocities, biases, and observed landmarks. Older states are removed from the
active problem while their information is summarized into a prior through marginalization.

This allows computational cost to remain approximately bounded while retaining information
from past observations.

A complete SLAM system may additionally maintain a longer-term global pose graph containing
many historical keyframes. Local estimation then provides accurate short-term motion, while the
global graph handles long-range loop closures.

1.6.19 Local and Global Consistency

An important distinction in mapping systems is the difference between local accuracy and global
consistency.

Visual or LiDAR odometry may produce highly accurate relative motion over short periods
while still drifting globally. Local bundle adjustment can further improve the relative geometry
within a small region.

Loop closure introduces long-range constraints, and global pose-graph or bundle-adjustment
optimization redistributes accumulated drift across the trajectory.

A modern SLAM architecture can therefore be understood as several coupled estimation scales:
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frame-to-frame tracking

I

local odometry

1

local mapping / bundle adjustment

1

loop closure

1

global optimization.

Each stage solves a different part of the same geometric estimation problem.

1.6.20 Localization Against an Existing Map
SLAM is required when the map is unknown. If a sufficiently accurate map already exists, the
problem can instead be treated as localization.

A LiDAR-equipped robot may align each current scan against a previously constructed point-
cloud map. A camera may localize using known visual landmarks through PnP. A mobile robot
may compare observations against an occupancy map.

The unknown variables can then be limited primarily to the robot pose rather than the pose
and map simultaneously.

This is usually a simpler estimation problem, although challenges such as perceptual aliasing,
environmental change, and poor initialization remain.

A practical robotic system may alternate between these modes: it may localize against a known
map during ordinary operation but update or rebuild portions of the map when the environment
changes.

1.6.21 Relationship Between Odometry, Mapping, and SLAM

Odometry, mapping, localization, and SLAM are closely related but should not be treated as
interchangeable terms.

Odometry estimates incremental motion,

Th—1 -

Localization estimates the robot’s pose relative to an external map or reference frame,

Tw-

Mapping estimates an environmental representation m, assuming sufficiently accurate robot
poses are available.

SLAM estimates both,
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(TI:T7 m)a

using repeated environmental observations to correct trajectory drift.

Loop closure supplies long-range geometric constraints, pose graphs provide a compact repre-
sentation of those constraints, bundle adjustment jointly refines visual poses and landmarks, and
factor graphs provide a general probabilistic framework in which all of these measurement types
can be combined.

Visual-inertial SLAM extends this framework by coupling image geometry with high-rate iner-
tial motion constraints.

1.6.22 Summary

Localization and mapping connect short-term motion estimation with persistent geometric un-
derstanding of the environment.

Odometry estimates relative motion and provides locally smooth trajectories, but incremental
error causes long-term drift. Visual odometry derives these relative motions from image geometry
using feature correspondences, PnP, epipolar geometry, or direct photometric alignment.

Mapping transforms sensor measurements into a common reference frame to construct repre-
sentations such as landmark maps, occupancy grids, point clouds, meshes, or dense surface models.
Because mapping depends on accurate poses and localization often depends on an accurate map,
the two problems naturally become coupled.

SLAM estimates the trajectory and map simultaneously. Modern SLAM systems commonly
separate front-end measurement processing and data association from back-end nonlinear opti-
mization.

Pose graphs represent robot poses as nodes and relative measurements as edges. Their residuals
can be defined directly on SE(3),

A 11 \
eij = Log (T;;'1;,'13)

and global optimization adjusts the poses to make the graph mutually consistent.

Loop closure adds long-range constraints when the robot revisits previously observed locations,
allowing accumulated odometric drift to be corrected.

Bundle adjustment jointly optimizes camera poses and three-dimensional landmarks using re-
projection error, while factor graphs generalize the estimation problem to arbitrary collections of
sparse probabilistic constraints.

Visual-inertial SLAM combines visual geometry with high-rate IMU measurements. The IMU
provides short-term motion propagation and metric information, while vision constrains inertial
drift. Bias estimation, IMU preintegration, keyframe selection, local optimization, loop closure,
and global graph optimization together allow the robot to maintain an accurate trajectory and
map over extended operation.

The overall estimation hierarchy can therefore be summarized as
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sensor measurements

I

relative motion and geometric constraints

1

local odometry

1
mapping
1

loop closure and global optimization

I

consistent trajectory and environment model.

103



1.7 Robot Manipulation

Robot manipulation concerns the deliberate physical interaction between a robot and objects in
its environment. Unlike free-space motion, manipulation requires the robot to reason not only about
where its end effector should move, but also about contact geometry, friction, force transmission,
object motion, compliance, uncertainty, and task constraints.

A manipulation system therefore combines many of the ideas developed earlier in this chapter.
Kinematics determines whether a grasp or contact configuration is reachable. Dynamics describes
how forces applied through the robot affect the object. State estimation determines the pose and
motion of the object. Motion planning generates collision-free approach trajectories. Force and
impedance control regulate interaction after contact.

Manipulation is therefore not a single algorithm. It is a coupled problem involving geometry,
mechanics, sensing, planning, and control.

A simple manipulation pipeline can be summarized as

perceive object and environment

I

select grasp or contact

I

plan feasible motion

1

establish contact

1

regulate motion and force

1

verify task progress.

The difficulty increases substantially once contact occurs because the robot and environment
become mechanically coupled.

1.7.1 Manipulation Kinematics

Manipulation kinematics extends ordinary robot kinematics to include objects and contacts.

Suppose the world frame is W, the end-effector frame is E, and an object frame is O. Their
poses are related through rigid transformations such as Twg, Two, and Tgo.

If the robot must place its end effector at a particular pose relative to the object, then the
desired world-frame end-effector pose is

T 5 = TwoTSp.

Thus, an object-relative manipulation command can be transformed into an ordinary end-
effector inverse-kinematics problem.

104



This representation is useful because many manipulation tasks are naturally object centered. A
grasp might require the gripper to approach the object from a particular direction, a screwdriver
must align with a screw axis, and a hand opening a door must maintain a relationship with the
handle rather than with a fixed world coordinate.

A grasp configuration can therefore be described by the relative transform Tro together with
the robot configuration q.

Once contact becomes rigid, the object and end effector may be kinematically constrained. If
the grasp transform remains constant,

Tro = constant,

then the object pose satisfies

Two = TweTko.
Motion of the end effector therefore directly determines object motion.

For velocities, if the grasp is rigid and there is no slip, the object and end-effector twists are
related through the appropriate adjoint transformation. Conceptually, the rigid grasp imposes

end-effector motion +— object motion.

This becomes especially important in dual-arm manipulation, where two end effectors simulta-
neously constrain the same object.

1.7.2 Pre-Grasp and Grasp Configurations

A manipulation trajectory often distinguishes between a pre-grasp pose and the final grasp pose.

The pre-grasp pose lies near the object but avoids contact. From there, the robot executes a
constrained approach motion into the grasp.

This separation is useful because the motion-planning problem changes near contact. Large
free-space motions primarily require collision avoidance, while final approach may require precise
alignment with the object geometry.

A typical sequence is

collision-free free-space approach

!

pre-grasp pose

I

constrained approach

1

contact

1

gripper closure or force regulation.
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A candidate grasp is feasible only if the corresponding end-effector pose lies inside the robot
workspace and admits a valid inverse-kinematics solution that respects joint limits and collision
constraints.

Thus, a geometrically good grasp on the object may still be unusable if the robot cannot reach
it.

1.7.3 Grasping

A grasp is a set of contacts between the robot and an object that allows the robot to constrain,
hold, or manipulate that object.

A grasp configuration may be represented as G = (Tr0, ggripper); Where Tro specifies the gripper
pose relative to the object and ggripper describes the internal configuration of the fingers or gripper.

The quality of a grasp depends on several factors: contact locations, contact normals, friction,
object geometry, object mass, actuator limits, collision clearance, expected disturbances, and the
manipulation task.

A parallel-jaw gripper, for example, often seeks two opposing surface contacts. A multifingered
hand may use several contacts distributed across the object. A suction gripper relies on a different
contact model and requires a sufficiently suitable surface.

A grasp should not be evaluated solely by whether the fingers geometrically touch the ob-
ject. The relevant question is whether the available contacts can generate the forces and moments
necessary to resist disturbances and accomplish the desired task.

1.7.4 Contact Models

The mechanical behavior of a grasp depends on the assumed contact model.

A frictionless point contact can generate force only along the surface normal. If n; is the normal
at contact ¢, the contact force has the form f; = \;n;, with A; > 0.

A point contact with friction can additionally generate tangential forces subject to a friction
constraint.

A soft-finger contact can transmit normal and tangential forces together with a limited moment
about the contact normal, approximating the behavior of a deformable fingertip with finite contact
area.

The selected contact model directly changes which object wrenches can be produced by the
grasp.

1.7.5 Object Wrenches and the Grasp Matrix

A contact force contributes both a force and a moment to the object.

Suppose contact i applies force f; at object-frame position ;. The wrench about the object
origin is
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| i
wi= [m X fi:| '

For several contacts, stack the contact forces into a vector f. Their combined wrench on the
object can then be written

where G is the grasp matriz.

The grasp matrix plays a role analogous to the manipulator Jacobian transpose. It describes
how individual contact forces combine to create a net force and moment on the object.

The manipulator Jacobian maps contact wrench to robot joint torque through 7 = J7 F, while
the grasp matrix maps contact forces to object wrench through w = Gf.

Together, these relationships connect actuator forces to contact forces and contact forces to
object motion.

1.7.6 Grasp Quality and Force Closure

A central question in grasp analysis is whether the contacts can resist external disturbances.

A grasp has force closure if the allowable contact forces can generate wrenches that oppose an
arbitrary external wrench on the object, subject to the assumed friction and force constraints.

In simplified terms,

force closure = arbitrary small object wrench can be resisted.

Force closure depends on both geometry and friction. Two frictionless point contacts, for exam-
ple, cannot generally resist arbitrary three-dimensional object wrenches. Adding friction expands
the set of achievable forces and can transform an otherwise unstable grasp into a force-closure
grasp.

The complete set of wrenches that can be generated by the contacts is called the grasp wrench
space.

If the origin lies strictly inside the set of achievable wrenches, then the grasp can generate
restoring wrench in any direction around equilibrium, which is one way of expressing force closure.

1.7.7 Grasp Quality Metrics

Force closure is largely a binary property: a grasp either satisfies the condition or does not. In
practice, several force-closure grasps may exist, so a continuous grasp-quality metric is useful.

One common idea is to ask how large a disturbance wrench the grasp can resist in its weakest
direction. Geometrically, this corresponds to measuring the radius of the largest wrench-space ball
centered at the origin that fits inside the achievable grasp-wrench set.

A larger radius indicates greater robustness to disturbances.
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Other grasp metrics may penalize large required finger forces, poor contact geometry, proximity
to friction limits, difficult robot postures, or sensitivity to object-pose uncertainty.

Thus, the “best” grasp is task dependent. A grasp suitable for simply lifting an object may not
be suitable for applying a large torque, inserting the object into a fixture, or handing it to another
person.

Manipulation planning therefore often evaluates a grasp using both object-level stability and
robot-level feasibility.

1.7.8 Contact and Friction

Contact introduces forces that constrain relative motion between the robot and object.

A contact force can be decomposed into normal and tangential components as f = f,n + fi,
where n is the contact normal.

For unilateral rigid contact, the normal force must satisfy

fn 20,

because ordinary contact can push two bodies apart but cannot pull them together.

Tangential force is limited by friction. Under the Coulomb friction model,

el < 11fn;

where p is the coefficient of friction.

When the inequality is strict, the contact can remain static. When the tangential force reaches
the boundary, slipping becomes possible.

The friction coefficient therefore determines how much tangential force can be transmitted for
a given normal force.

This explains why increasing grip force may prevent an object from sliding. Larger normal force
frn increases the maximum admissible tangential force wuf,.

However, excessive gripping force may deform or damage an object, waste actuator capacity, or
reduce manipulation dexterity. Force regulation therefore often seeks the minimum normal force
that preserves sufficient friction margin.

1.7.9 Friction Cones

In three dimensions, the Coulomb condition || f|| < wuf, defines a cone of admissible contact-
force directions known as the friction cone.

The cone is centered on the inward surface normal. Its angular width increases with the friction
coefficient.

High friction produces a wide cone and permits a large range of tangential forces. Low friction
produces a narrow cone, making slip more likely.
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A contact force that lies inside the cone can be supported without sliding. A force outside the
cone violates the static-friction model.

Manipulation planning therefore frequently imposes

fi € G,

where C; denotes the friction cone at contact 1.

Exact circular cones are nonlinear constraints. Optimization-based controllers often approxi-
mate them using a polyhedral cone constructed from several linear facets. This converts the friction
constraint into a set of linear inequalities and makes it easier to use inside quadratic programs or
trajectory optimizers.

The accuracy of the approximation improves as more facets are added, at the cost of a larger
optimization problem.

1.7.10 Slip and Contact Modes

Contact behavior is not limited to ‘contact” or ‘no contact.” Several distinct modes can occur.

A contact may stick, slide, separate, or roll. Each mode imposes different velocity and force
constraints.

For sticking contact, the relative tangential velocity is approximately zero and the force remains
inside the friction cone.

For sliding contact, tangential velocity is nonzero and friction acts near the cone boundary
opposite the direction of slip.

For separation, the normal contact force becomes zero and the bodies move apart.

Manipulation tasks such as pushing and in-hand manipulation often intentionally transition
between these modes. Modeling those transitions makes contact-rich manipulation significantly
more difficult than free-space motion.

1.7.11 Force and Torque Sensing

Physical interaction can be measured directly using force and torque sensors.

A six-axis force/torque sensor measures the wrench
F
w = [ } € RS,
T

Such sensors are frequently mounted at the robot wrist between the arm and end effector.
They can measure contact forces generated during insertion, surface following, assembly, or human
interaction.

Joint torque sensors provide another source of interaction information. If a sufficiently accurate
robot dynamics model predicts the torque required for free motion, then external torque can be
estimated as
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Text = Tmeasured — Tmodel-

The corresponding Cartesian wrench is related by Tex; = J 7 Fexs.

If J is appropriately conditioned, the external wrench can be estimated from the measured joint
torque using a pseudoinverse relationship.

These approaches allow contact detection even without a dedicated wrist force sensor, although
performance depends strongly on model accuracy, friction compensation, and actuator sensing
quality.

1.7.12 Tactile Sensing

Force/torque sensing measures the resultant wrench transmitted through the robot structure,
but it generally does not reveal the detailed pressure distribution across individual contacts.

Tactile sensors provide more local information, such as contact location, pressure distribution,
normal force, shear force, or incipient slip.

For dexterous manipulation this information can be critical. Two grasps may produce the same
net wrist force while having very different fingertip contact distributions.

Tactile feedback can therefore support tasks such as detecting slip, adjusting finger force, local-
izing contact, estimating object pose within the hand, and controlling rolling or sliding contact.

1.7.13 Compliant Manipulation

Manipulation often occurs under geometric uncertainty. A hole may be slightly displaced from
its estimated position, a table surface may not be perfectly modeled, or an object may move slightly
during grasping.

A perfectly rigid position controller reacts to this mismatch by generating potentially large
contact forces.

Compliant manipulation instead allows some deviation in motion in response to environmental
forces.

Impedance control provides one common framework. A desired Cartesian behavior may be
written

Md({i‘ - i’d) + Dd(i' - .’i?d) + Kd({L‘ — xd) = Foxt.

The robot then behaves approximately like a virtual mechanical system with inertia My, damp-
ing Dy, and stiffness K .

For many manipulation tasks, the important quantity is not whether the robot follows the
nominal position exactly but whether the resulting contact behavior remains stable and useful.

Consider inserting a peg into a hole. A small lateral pose error can cause the peg to strike the
rim. A rigid controller may increase the force while continuing to push in the incorrect direction. A
compliant controller allows the peg to shift laterally under the resulting contact force and potentially
self-align with the hole.
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Compliance can therefore transform geometric uncertainty into controlled physical motion.

1.7.14 Passive and Active Compliance

Compliance can arise mechanically or through feedback control.

Passive compliance is created by physical elasticity in springs, flexures, soft fingertips, series
elastic actuators, or deformable structures. Its behavior exists even if the controller fails.

Active compliance is generated by the controller, for example through impedance or admittance
control.

Passive compliance provides naturally fast physical response but is limited by hardware design.
Active compliance is programmable and can vary across tasks but depends on sensor quality,
controller bandwidth, and stability.

Many robotic systems combine both approaches.

1.7.15 In-Hand Manipulation

A robot does not always need to release an object in order to change its pose. In-hand ma-
nipulation changes the object’s configuration relative to the hand while maintaining one or more
contacts.

Examples include rotating a tool within the fingers, repositioning a grasped object, rolling an
object across fingertips, or shifting contact locations before performing another task.

In-hand manipulation is more complex than rigid grasping because the relative transform Tro
is no longer constant.

Instead, the system must reason about how contact forces and motions change the object pose
inside the hand.

Several basic mechanisms are possible:

rolling contact, in which the surfaces move without tangential slip,

sliding contact, in which the object intentionally moves across a fingertip,

finger gaiting, in which some fingers release and establish new contacts while others maintain
the grasp,

pivoting, in which the object rotates around one or more contacts.

Each mechanism creates different kinematic and friction constraints.

For example, controlled sliding requires the applied contact force to approach the friction limit
in the intended direction while maintaining sufficient normal force to prevent loss of contact.

In-hand manipulation therefore requires coordinated control of both object motion and internal
contact forces.
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1.7.16 Internal Forces

When several contacts act on the same object, some combinations of contact forces may cancel
at the object level.

If the contact-force vector is f and the grasp matrix is G, the object wrench is w = Gf.

Any contact-force vector fiys satisfying

produces no net object wrench.
Such forces are called internal forces.

Internal forces do not accelerate the object but can change how strongly it is squeezed or how
close individual contacts are to slipping.

This distinction is fundamental in multifinger and bimanual manipulation. A robot may in-
dependently control the object wrench and, within the remaining force freedom, regulate internal
force to maintain grasp stability.

1.7.17 Bimanual Manipulation

Bimanual manipulation coordinates two manipulators acting on the same object or task.

If the left and right end effectors have Jacobians J;, and Jg, their velocities can be represented

jointly as
il =15 ] i
UR 0 Jgr] [4r
When both hands rigidly grasp the same object, their motions are no longer independent. Both
must remain consistent with a single object motion.

If the grasp transforms T, o and Tg,o remain fixed, motion of either hand constrains the
object pose and therefore constrains the other hand.

The controller must therefore distinguish two types of behavior: object motion, which changes
the net wrench and motion of the object, and internal motion or force, which changes how the two
arms load the object without necessarily changing its global pose.

This distinction is important when carrying a heavy box. The two hands should coordinate to
generate the required net upward wrench while also maintaining sufficient inward force to prevent
the object from slipping.

Too little internal force may lose the grasp; too much may damage the object or unnecessarily
load the actuators.

1.7.18 Coordinated Object-Level Control

A useful approach is to formulate the task around the object rather than the individual robot
hands.
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Suppose the desired object pose is 7| i(/ivo' The required left- and right-hand poses can be obtained
from the fixed grasp transforms,

d d d d
TWEL = TWOTOEL7 TWER = TonOER
This guarantees that the two desired hand motions remain geometrically consistent with the
same rigid object.

At the force level, individual contact wrenches can be chosen so that their combined effect
produces the desired object wrench while an additional internal-force component maintains grasp
stability.

Bimanual manipulation is therefore naturally expressed in object coordinates rather than as
two unrelated arm-control problems.

1.7.19 Mobile Manipulation

A mobile manipulator combines an arm with a movable base. Examples include an arm mounted
on a wheeled platform, a humanoid robot, or a legged robot performing manipulation.

_ |9
o=,

where ¢, describes the mobile base and ¢, describes the manipulator.

The configuration may be written as

The end-effector pose depends on both,

Twe = f(ab, qa)-

This creates additional redundancy. A target that is difficult to reach with the arm alone may
become easy after moving the base.

The key challenge is deciding how motion should be divided between base and arm.

For example, when reaching toward a distant shelf, the robot may move the base forward while
keeping the arm near a high-manipulability posture. During precise contact, the base may remain
mostly stationary while the arm performs the final motion.

A unified Jacobian can relate both base and arm velocities to end-effector velocity,

e = JvGp + JaGa-

This allows the complete system to be treated as one redundant kinematic chain.

1.7.20 Base Placement and Reachability

Mobile manipulation introduces a planning problem that fixed-base manipulation does not have:
where should the base be placed before reaching?
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A candidate object may be reachable from many base configurations, but these configurations
can differ substantially in manipulability, collision clearance, visibility, and stability.

Good base placement may maximize metrics such as expected reachability or manipulability
while maintaining sufficient clearance from obstacles.

This is particularly important in household manipulation. A robot approaching a cabinet must
place its base close enough to reach the handle but far enough away to allow the door to open.

Thus, navigation and manipulation planning become coupled.

1.7.21 Whole-Body Mobile Manipulation

For highly redundant systems, the base and arm can move simultaneously.

Rather than executing

navigate — stop — manipulate,

the robot may perform coordinated whole-body motion.

For example, a robot carrying a large object may continuously adjust both base and arms to
avoid obstacles while maintaining the object’s orientation.

This requires planning and control over the combined configuration space, often subject to
constraints on base motion, arm motion, contact, balance, and collision.

Mobile manipulation therefore connects the manipulation problem directly to whole-body con-
trol and trajectory optimization.

1.7.22 Manipulation Under Uncertainty

Manipulation is particularly sensitive to perception error because small geometric errors can
become large contact forces.

Suppose the estimated object pose is T wo, while the actual pose differs by a small transforma-
tion AT. A grasp or insertion trajectory planned from the estimate may therefore encounter the
object earlier or at a different orientation than expected.

Successful manipulation systems compensate for such uncertainty through several mechanisms:
repeated visual estimation, tactile sensing, compliant control, online replanning, force-based contact
detection, and active exploratory motion.

This produces an important distinction between purely geometric planning and closed-loop
manipulation.

A purely geometric system may execute

estimate — plan — execute,

whereas a robust manipulation system repeatedly cycles through
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estimate

!

act

I

sense consequences

I

update estimate and plan.

Manipulation is therefore inherently feedback driven.

1.7.23 Manipulation as Integrated Perception, Planning, and Control

Complex manipulation requires perception, planning, and control to operate together.

Consider opening a door. The robot must estimate the door plane, handle position, handle
orientation, and possibly the hinge axis. It must select a reachable grasp and generate a collision-
free approach trajectory.

Once contact is established, the task changes. The gripper must maintain the grasp while
the hand follows the constrained motion imposed by the door hinge. Contact force must remain
sufficient to maintain the handle grasp but low enough to avoid excessive loading.

The complete process can be represented as

camera / depth / tactile measurements

I

object and contact-state estimation

I

grasp or interaction selection

1

motion planning

1

contact establishment

!

force-aware feedback control

1
updated perception and task state.

The same structure appears in insertion, grasping, tool use, pushing, folding, and bimanual
tasks.

The relative importance of each component changes with the problem. Free-space pick-and-
place may depend strongly on visual pose accuracy and grasp planning. Peg insertion depends
heavily on contact sensing and compliance. In-hand manipulation requires detailed contact-state
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reasoning. Mobile manipulation additionally requires coordination between navigation and arm
reachability.

1.7.24 Manipulation of Articulated Objects

Many objects are not free rigid bodies but contain mechanical constraints. Doors rotate about
hinges, drawers translate along rails, knobs rotate about fixed axes, and tools may be constrained
by contact with a workpiece.

The robot should therefore avoid treating every manipulation problem as unconstrained Carte-
sian motion.

If an object’s allowable configuration is parameterized by a variable s, its pose may be written
To(s). The end effector then needs to follow a corresponding constrained manifold rather than an
arbitrary path through SE(3).

This information can be known from a model or inferred through interaction.

For example, while opening an unknown door, the robot can observe that contact forces rise
when commanded motion deviates from the hinge-compatible trajectory. Force and motion mea-
surements can therefore help identify the object’s kinematic constraint online.

1.7.25 Manipulation of Deformable Objects

Rigid-body manipulation assumes the object pose can be described by a transformation in
SE(3). This assumption fails for ropes, cloth, cables, food, soft packaging, and other deformable
objects.

A deformable object’s state may require a large set of points, mesh vertices, keypoints, or a
lower-dimensional latent representation.

Manipulation then requires estimating how contact changes this distributed state.

A rope, for example, may contain the same endpoints at two moments while having very different
intermediate configurations. A single rigid transform cannot represent this distinction.

Deformable manipulation therefore places greater emphasis on perception, learned dynamics,
feedback, and replanning because accurate analytical models can be difficult to obtain.

1.7.26 Relationship Between Grasping and Manipulation

Grasping and manipulation should not be treated as identical problems.

Grasping establishes a useful set of contacts. Manipulation uses those contacts to change the
state of the object or environment.

A grasp that is maximally stable may not be ideal for the intended manipulation task. A very
rigid power grasp may prevent the object from rotating within the hand, while a less restrictive
grasp may permit useful dexterity.

Task-aware manipulation therefore asks not merely
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Can the robot hold the object?

but

Can the chosen contacts generate the motions and forces required by the task?

This distinction motivates task-oriented grasp planning, in which grasp quality is evaluated
relative to anticipated object wrenches and future motion.

1.7.27 Summary

Robot manipulation combines kinematics, contact mechanics, sensing, planning, and feedback
control to enable purposeful physical interaction with the environment.

Manipulation kinematics relates robot, end-effector, and object frames, allowing object-relative
tasks to be converted into robot motion objectives. A rigid grasp constrains relative motion between
the hand and object, while more dexterous manipulation may deliberately permit rolling or sliding
contacts.

Grasp mechanics can be expressed through the grasp matrix,

w=Gf,

which maps individual contact forces into a net object wrench. A force-closure grasp can resist
arbitrary disturbance wrenches within the limits of its contact and friction model.

Coulomb friction constrains tangential contact force according to

1fell < pfn

and the corresponding set of admissible forces forms a friction cone. These constraints determine
whether contacts stick, slip, or lose contact.

Force/torque and tactile sensors provide information about physical interaction that cannot
be obtained reliably from vision alone. Combined with impedance, admittance, and force control,
these measurements enable compliant manipulation in the presence of geometric uncertainty.

In-hand manipulation changes the object pose relative to the hand through rolling, sliding,
pivoting, or finger gaiting. Multifinger and bimanual systems additionally control internal forces
satisfying G finy = 0, allowing grasp stability to be changed without altering the net object wrench.

Bimanual manipulation coordinates multiple end effectors through a shared object model, while
mobile manipulation extends the configuration space to include both base and arm motion.

Ultimately, successful manipulation is a closed-loop process. Perception estimates the object
and environment, planning selects feasible contacts and motions, control regulates motion and force,
and new sensor measurements continuously update the robot’s understanding of the interaction.

The complete manipulation loop can therefore be summarized as
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perception

I

grasp and contact reasoning

1

motion planning

1

physical interaction

1

force / tactile / visual feedback

I

state update and replanning.

Manipulation is therefore best understood not as motion toward an object, but as the controlled
transfer of motion and force through contact.
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Chapter 2

Intelligence in Robotics

This chapter develops the machine-learning and decision-making foundations used in modern
intelligent robotic systems. It begins with core machine-learning concepts and Transformer archi-
tectures, then extends these ideas to multimodal and Vision—Language—Action models for embodied
control. It covers generative action models based on diffusion and flow matching, imitation-learning
methods such as behavior cloning and DAgger, and reinforcement-learning methods for sequential
decision-making. The chapter also examines how robot-learning datasets are collected and con-
structed, including teleoperation, human video, simulation, replay buffers, and dataset balancing,
before concluding with methods for evaluating learned policies under distribution shift, perturba-
tions, and long-horizon deployment.

Together, these topics describe how modern robots learn representations, model possible behav-
iors, select actions, learn from demonstrations and interaction, and generalize beyond the conditions
represented in their training data.
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2.1 Core Machine Learning Concepts

Most modern machine-learning systems can be understood as parameterized functions whose
parameters are adjusted so that the model performs well on observed data. Let

g = fo(x)

denote a model with parameters 0, input z, and prediction g. Training consists of defining an
objective that measures the quality of these predictions, computing how that objective changes with
respect to the model parameters, and iteratively updating the parameters to reduce the objective.

At a high level, the training loop is

input data
+

forward pass

!

loss

1
backpropagation

l

parameter gradients

1

optimizer update.

The concepts in this section describe the major mathematical and computational components
of this process.

2.1.1 Loss and Objective Functions

A loss function measures how well a model prediction agrees with a target. For a single training
example (z;,y;), the loss is written

U fo(xi),yi)-
Training usually minimizes the average loss over a dataset of N examples,

N

L(0) = = > £(fo(i), i)-
N

i=1

This quantity is often called the empirical risk. It approximates the expected performance of the
model using the finite dataset available for training. Different tasks require different loss functions.
For continuous regression, a common choice is mean-squared error,
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tuse = (|9 — yll3-

For classification, cross-entropy is commonly used. If py(y = k | =) is the predicted probability
of the correct class k,

bop = —logpg(y =k | x).
Minimizing cross-entropy therefore encourages the model to assign high probability to the cor-
rect output. Other objectives encode different forms of supervision. Contrastive losses encourage
related examples to occupy nearby regions of a representation space while separating unrelated

examples. Ranking and margin-based losses, such as hinge loss, encourage correct outputs to score
higher than incorrect alternatives.

The training objective may also contain additional terms,

J(0) = Laata(0) + AR(0),

where R(#) introduces a preference for particular classes of solutions and A controls its strength.

In practice, objectives may contain several components,

J=ML1+XLa+---,

which is common in robotics. A learned policy might simultaneously optimize action prediction,
representation learning, auxiliary state prediction, and regularization terms.

2.1.2 Backpropagation and Automatic Differentiation

Once an objective has been defined, training requires its gradient with respect to the model
parameters,

V.

Backpropagation computes these gradients efficiently by recursively applying the chain rule
through the operations that produced the loss.

Consider

z=We, y =o(z), L =1{(y,t).
The dependence of the loss on the weight matrix W forms the computational chain
W—z—y— L.

The gradient is propagated backward through this chain:
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More generally, if y = f(x), then an upstream gradient 0L /0y is propagated through f according
to

oL _oLay
oxr Oy ox’

Deep neural networks are simply much larger compositions of such operations. Backpropagation
avoids independently differentiating the complete network with respect to every parameter. Inter-
mediate derivatives are reused while the graph is traversed backward, making gradient computation
efficient even for models containing billions of parameters.

Automatic differentiation, commonly called autograd, is the software mechanism used by frame-
works such as PyTorch to perform this calculation automatically. During the forward pass, the
framework records the operations connecting tensors. The backward pass then applies derivative
rules associated with those operations.

Neural networks normally use reverse-mode automatic differentiation. This is especially efficient
when a function has many inputs but only one or a small number of outputs. Neural-network
training has exactly this structure: millions or billions of parameters ultimately contribute to a
scalar loss.

2.1.3 Optimization

Once the gradient has been computed, an optimizer determines how the parameters should
change. The simplest method is gradient descent,

Ori1 =0 — Vo J(60y),

where 7 is the learning rate. The negative gradient points in the direction of steepest local
decrease in the objective. The learning rate determines how far the optimizer moves in that
direction. In effect, we nudge the parameters on each node of the network in the direction that
would make the network get closer to predicting the output. However, we don’t nudge too far and
recompute the direction the weights need to be shifted on ever backpropagation pass.

For large datasets, computing the exact gradient over every training example before each update
is expensive. Neural networks therefore normally use mini-batch stochastic gradient descent. If B
is a batch containing B examples, the gradient is estimated using

1
Volg = 5 ; Vol

The resulting mini-batch gradient is only an estimate of the gradient over the full dataset,
but it is substantially cheaper to compute. Because different mini-batches provide different noisy
estimates of the same underlying objective, repeated updates gradually move the parameters toward
regions of lower loss.
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A complete pass through the training dataset is called an epoch. If a dataset contains N
examples and the batch size is B, then one epoch contains approximately N/B optimizer steps.

How these gradients are translated into parameter updates is itself a central optimization prob-
lem. If the learning rate is too large, the optimizer may overshoot low-loss regions or oscillate
instead of converging. If it is too small, training may progress extremely slowly. The difficulty
becomes even greater when the loss surface is poorly conditioned: the objective may be steep in
some parameter directions and nearly flat in others, causing ordinary gradient descent to zig-zag
through narrow valleys rather than move efficiently toward a minimum.

Much of modern optimization can therefore be understood as an attempt to improve how
gradient information is converted into parameter motion. Methods such as momentum accumulate
consistent gradient directions over time, while adaptive optimizers such as Adam adjust the effective
step size separately for different parameters.

vy = Bui—1 + Vi,

followed by

01 = 0 — oy

Momentum accumulates gradients that consistently point in the same direction while reduc-
ing the effect of rapidly oscillating components. Adam extends this idea by maintaining moving
estimates of both the first and second moments of the gradient. Conceptually,

me = frmu—1 + (1 — B1)ge,

vy = Bovs_1 + (1 — Ba)g?,

where g; = VgJ;. After bias correction, the update scales each parameter approximately ac-
cording to

my
Orp1 =0 —n———.
! Vi + e
Parameters whose gradients consistently have large magnitude therefore receive smaller nor-
malized updates than parameters whose gradients remain small. Adam and AdamW are very
common in Transformer training, while SGD with momentum remains important in many vision
and classical deep-learning settings.

The learning rate itself is often changed during training. Common schedules include warmup,
step decay, cosine decay, and exponential decay. The learning rate is one of the most important
optimization hyperparameters: a value that is too large can make optimization unstable, while one
that is too small can make training extremely slow or cause optimization to stall.
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2.1.4 Activation Functions

A neural network would remain a linear function if every layer consisted only of matrix multi-
plication and addition. For example, two linear layers,

h = Wiz + by, y = Wah + b,

can be combined into a single linear transformation,

y = WoWiz + Waby + bs.

Adding more linear layers would therefore not increase the class of functions the network can
represent. Activation functions introduce nonlinearity between layers, allowing neural networks to
approximate complex relationships.

A typical layer has the form

z=Wuz+0b, h = ¢(z),

where z is the pre-activation, h is the resulting activation, and ¢ is a nonlinear activation
function.

Activation functions are also important during backpropagation because their derivatives de-
termine how gradients propagate through the network. If an upstream gradient 0L/0h arrives at
the activation, then

oL oL

2 - on ® ¢'(2),

where ® denotes element-wise multiplication. The derivative ¢'(z) therefore directly scales the
gradient passed to earlier layers.

For a sequence of many layers, these derivatives are repeatedly multiplied together. Activa-
tion functions whose derivatives are consistently very small can therefore contribute to vanishing
gradients, while poorly controlled activations can contribute to unstable signal propagation.

Linear Activation

The simplest activation is the identity function,

A linear activation does not introduce nonlinearity and therefore provides no additional expres-
sive power when placed between linear layers. It is nevertheless useful at the output of regression
models when the prediction should be allowed to take arbitrary real values.
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Sigmoid
The sigmoid function maps a real number into the interval (0, 1):

1

)=

Its derivative is

o'(z) =o(z)(1 - o(x)).

Sigmoid is useful when an output should represent a probability, particularly for binary classi-
fication. However, when |z| becomes large, the sigmoid saturates near 0 or 1, causing

o' (x) = 0.

Gradients passing through many saturated sigmoid units can therefore become extremely small.
For this reason, sigmoid is used less frequently as the hidden-layer activation in modern deep
networks.

Hyperbolic Tangent
The hyperbolic tangent maps inputs into (—1,1):

xT —x

e
er + e—x'

tanh(z) = —— ¢

Its derivative is

d 2
T tanh(z) = 1 — tanh®(x).

Unlike sigmoid, tanh(x) is centered around zero, which can improve optimization in some set-
tings. It still saturates for large positive or negative inputs, however, and its derivative approaches
zero in those regions.

Both sigmoid and tanh therefore illustrate an important principle:

saturated activation = small derivative =  weak gradient propagation.

ReLU

The Rectified Linear Unit (ReLU) is defined as

ReLU(z) = max(0, z).
Its derivative is
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1, >0,
0, z<0.

ReLU'(z) = {

The function is not differentiable exactly at x = 0, but implementations simply choose a suitable
subgradient there, typically 0.

ReLU became widely used because its derivative is 1 throughout the positive region. Gradients
can therefore propagate without continuously shrinking as they do through saturated sigmoid or
tanh units.

The negative region creates a different problem. If a unit consistently receives negative pre-
activations, its output is always zero and its gradient is also zero. Such a unit may stop learning,
a phenomenon sometimes called a dying ReLU.

Leaky ReLU

Leaky ReLLU modifies the negative side of ReLLU by retaining a small nonzero slope:

x, x>0,

LeakyReLU(z) = { “0
ax, =<0,

where « is a small positive constant.

Its derivative is

1, z>0,

LeakyReLU'(z) =
Y () {a, z < 0.

Because the derivative remains nonzero for negative inputs, parameters associated with negative
activations can continue to receive gradient updates.

GELU

Many Transformer architectures use the Gaussian Error Linear Unit (GELU). Conceptually,

GELU(z) = z ®(x),

where ®(z) is the cumulative distribution function of a standard Gaussian.

2
1+ tanh <\/> (z+ 0.044715953))] :
™

Unlike RelLU, which sharply sets all negative inputs to zero, GELU smoothly suppresses negative
values while preserving large positive values. This smoothness makes GELU attractive in deep
Transformer-style networks.

A commonly used approximation is

GELU(z) ~ g
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SiLU and Swish

Another common smooth activation is the Sigmoid Linear Unit (SiLU), also known as Swish:

SiLU(z) = xo(x).

Its derivative is

SiLU'(z) = o(z) + zo(z)(1 — o(x)).

Like GELU, SiLLU provides a smooth transition between suppressed negative inputs and approx-
imately linear behavior for positive inputs. It is widely used in modern vision models, language
models, and other deep architectures.

Softmax

Softmax differs from the preceding activations because it operates on an entire vector rather
than independently on each element. Given logits z € RX,

e

Pi = =

Zj:l =

The resulting values satisfy

i

so they can be interpreted as a categorical probability distribution.

Unlike element-wise activations, changing one logit affects every softmax output. Its derivatives
therefore form a Jacobian,

Opi
82 2

= pi(dij — pj),

where ¢;; is the Kronecker delta.

Softmax is commonly used at classification outputs and inside attention mechanisms, rather
than as the main hidden-layer activation.

Why Activation Choice Affects Training
During backpropagation, gradients repeatedly pass through expressions of the form

0L OL ,
&—%(Dd)(z).

Across many layers, the gradient contains products of weight matrices and activation derivatives.
Schematically,
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0L 0L 4 o
87hk ~ ThL H Wj ¢/(Zj)~
j=k+1

If the magnitudes of these terms are repeatedly much smaller than one, the gradient can vanish.
If they are repeatedly too large, the gradient can explode.

Activation functions, parameter initialization, normalization, and residual connections are there-
fore closely related. Each influences how signals and gradients propagate through deep networks.
The important point is not that one activation is universally best. Activation functions determine
both the nonlinear behavior the network can represent and the derivatives through which learning
signals propagate. Their choice is therefore part of both model design and optimization.

2.1.5 Initialization and Signal Propagation

Optimization begins from an initial parameter configuration. Initialization matters because
poorly scaled parameters can cause activations or gradients to grow or shrink rapidly as signals
propagate through a deep network. Consider a linear layer

y=We.

If the components of z and the entries of W are approximately independent and zero mean,
then the variance of the output depends on both the input variance and the number of terms being
summed. Ideally, the network should maintain approximately comparable signal magnitude across
layers,

Var(y) ~ Var(x).

If the variance grows repeatedly through the network, activations and gradients may explode.
If it repeatedly shrinks, they may vanish. Initialization schemes therefore choose the scale of W
based on the number of incoming or outgoing connections.

For a layer with ny, inputs and ng,t outputs, Xavier or Glorot initialization uses a variance
approximately proportional to

2

Nin + Nout

Var(W) ~

This is well suited to activations that are approximately symmetric around zero. For ReLLU-like
networks, He or Kaiming initialization instead uses

Var(W) ~ l,

Nin
accounting for the fact that ReLU suppresses approximately half of its inputs.

Initialization does not need to place the model near the final solution. Its primary purpose is
to begin optimization in a regime where information and gradients can propagate effectively.
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2.1.6 Normalization

Normalization modifies the scale and distribution of intermediate representations to improve
optimization and numerical stability.

A generic normalized quantity takes the form

T —pu

Vo2 te

JA:':

where ;1 and 02 are a mean and variance calculated over a specified collection of dimensions.

The distinction between normalization methods lies largely in which elements are used to com-
pute these statistics.

For Layer Normalization, let

x:[azl,...,xd]ERd

be the representation of one token or feature vector. The mean and variance are computed
across its feature dimensions,

1< 1<
MZQX}% ﬁzg§}@—m?
j=1 j=1
The normalized feature is

A Tj—H

Goo— d _H
T Ve e

after which learned scale and shift parameters are applied,

yj =t + .

The learned parameters allow the network to recover or modify the normalized scale when
useful.

Batch Normalization instead computes statistics across examples in a minibatch, typically sepa-
rately for each feature or channel. Its behavior therefore depends on batch statistics during training
and on running statistics during inference.

LayerNorm does not depend on the other examples in the minibatch, making it particularly
suitable for sequence models and Transformers, where sequence lengths and batching patterns may
vary.

Normalization should not be interpreted simply as keeping every activation close to zero. Its
broader role is to improve the conditioning of optimization and stabilize the scale of representations
as they pass through many layers.
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2.1.7 Regularization and Generalization

Minimizing training loss is not the ultimate objective of machine learning. The goal is to
perform well on new data that were not used to fit the model.

A sufficiently expressive network can sometimes achieve extremely small training error while
learning patterns that do not generalize. This behavior is known as overfitting.

Regularization describes methods that bias training toward solutions expected to generalize
better.

One approach is to modify the objective directly. For Ly regularization,

J(8) = Laata(8) + A[16]]3.
The gradient of the regularization term discourages parameters from becoming unnecessarily
large.

Weight decay produces a related effect by directly shrinking parameters during optimization.
For ordinary gradient descent, weight decay and Lo regularization can be equivalent under ap-
propriate definitions, but this equivalence does not generally hold for adaptive optimizers such
as Adam. AdamW therefore implements weight decay separately from the gradient-based Adam
update.

Other regularization mechanisms operate differently.

Dropout randomly suppresses activations during training, discouraging the network from relying
too strongly on particular pathways.

Data augmentation modifies training examples while preserving their semantic labels, exposing
the network to a wider range of inputs.

FEarly stopping terminates training when validation performance stops improving, preventing
continued optimization of the training set from degrading generalization.

Regularization therefore includes any mechanism that changes the optimization process or effec-
tive training distribution in a way intended to improve performance outside the training examples.

This motivates the usual division of available data into training, validation, and test sets. The
training set determines the parameters. The validation set is used to select hyperparameters and
training decisions. The test set is reserved for the final estimate of generalization performance.

2.1.8 Embeddings and Learned Representations
Modern neural networks rarely operate directly on symbolic objects such as words, object

identities, task labels, or discrete actions. Instead, these quantities are mapped into continuous
vector spaces.

An embedding is a mapping

e: X - R
For example,
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“cat” — ecat € R,

The individual coordinates of an embedding usually do not have a simple human interpretation.
What matters is the geometry of the representation space.

Objects that are useful in similar contexts may develop nearby or otherwise systematically
related representations. One common measure of similarity is cosine similarity,

ald
sim(a,b) = ————.
(@:0) = LTl

Cosine similarity measures the angle between two vectors while ignoring their overall magnitude.

For a finite vocabulary containing V discrete elements, embeddings are commonly stored in a
learned matrix

E e RV*4,

If an input has discrete identifier ¢, its representation is simply the corresponding row,

€; — EZ

The embedding matrix is trained jointly with the rest of the network through backpropagation.

Embeddings are not limited to language. In robotics, continuous representations may encode
image patches, objects, robot states, actions, task identities, temporal positions, or entire observa-
tions. Multimodal learning attempts to construct representation spaces in which information from
several modalities can interact.

For example,

language
images ) . .
. . —> continuous representations ——  shared neural computation.
proprioception

actions

This idea becomes central in Transformer and Vision—Language—Action architectures, where
heterogeneous information must ultimately be represented as vectors that can be processed by a
common model.

2.1.9 Putting the Training Process Together

The concepts introduced above form a single computational loop. Given a minibatch of training
examples, the model first performs a forward pass to produce predictions. The loss function com-
pares those predictions with the training targets. Backpropagation and automatic differentiation
compute the gradients of the objective with respect to every trainable parameter. The optimizer
then uses those gradients to update the parameters.
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Initialization determines the regime in which this process begins. Normalization helps keep
intermediate representations well conditioned as they move through deep networks. Regularization
and data design influence whether the solution generalizes beyond the examples used for optimiza-
tion. Embeddings provide the continuous representations on which the neural network ultimately
operates.

The complete training process can be summarized as a sequence of six steps:

Sample an input x and target y from the training dataset

I

Forward pass: use the current model parameters 6 to produce a prediction

I

Evaluate how well the prediction ¢ agrees with the desired target y

Y
Vod
Backpropagate through the model to determine how each parameter influences the loss
4
|0 + Optimizer (9, VyJ)|

Adjust the parameters in a direction expected to reduce the objective

4

Draw another minibatch and repeat the process over many optimization steps

The first step, (z,y) ~ D, represents sampling training data. Here x is the input presented to
the model and y is the corresponding target. In practice, training usually operates on a minibatch
of many such examples rather than on a single pair. The forward pass,

~—

U= folx

9

evaluates the model using its current parameters #. The result ¢ is the model’s prediction. At
this stage no parameters are changed; the network is simply evaluated from input to output. The
objective,

J(9,9),

compares the prediction with the desired target. For regression this might be a squared error,
while classification might use cross-entropy. The objective converts the quality of the model’s
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prediction into a scalar quantity that can be optimized. Backpropagation then computes

Vo,

the gradient of the objective with respect to the model parameters. Each component of this
gradient answers a local question:

oJ
20 = how sensitive the loss is to parameter 6;.
i

A positive derivative indicates that increasing the parameter locally increases the objective,
while a negative derivative indicates that increasing it locally decreases the objective. The gradient
therefore describes the local slope of the objective throughout parameter space.

The optimizer uses this information to update the parameters. For ordinary gradient descent,

9t+1 = Ht — UVQJ(6t>,

where 7) controls the size of the update. The parameters are moved opposite the gradient because
the gradient points toward the steepest local increase in the objective. The updated parameters
are then used for another forward pass on another minibatch, until sufficient performance of the
model is achieved.

2.2 Transformer Fundamentals

Transformers are neural-network architectures for processing sequences of representations. Their
defining mechanism is attention, which allows each element of a sequence to directly retrieve infor-
mation from other elements rather than relying on information to propagate sequentially through
a recurrent hidden state.

At a high level, a Transformer-based sequence model follows the pipeline

raw input

1

tokens

1

continuous embeddings

!

positional information

I

Transformer blocks

1

contextual representations

1

output prediction.
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The central computation inside each Transformer block is scaled dot-product attention,

Attention(Q, K, V') = softma (QKT) V,
ntion(Q, K, V') = softmax )
Vi

where @), K, and V are the query, key, and value matrices. Much of Transformer design can
be understood in terms of how these representations are constructed, how attention is constrained,
and how the resulting information is processed efficiently.

2.2.1 Tokenization and Input Representations

A Transformer does not operate directly on raw symbolic inputs such as text. The input must
first be converted into a sequence of vector representations.

For a language model, raw text is divided into discrete tokens. A sentence such as

Transformers are powerful.
might be decomposed conceptually into subword units such as

[“Transform”, “ers”, “ are”, “ powerful”, “.”].

Each token is assigned an integer identifier,

[tl,tg, ... ,tn] — [il,iz, .. ,in].

The model contains a learned embedding matrix

V|Xdmode
E e RV del

where |V] is the vocabulary size and digel is the hidden representation dimension. If token i
has identifier ¢, its embedding is obtained from the corresponding row of F,

€; = Ei.

The sequence of token embeddings can be stacked into

nxd,
X c R model’

where n is the sequence length.

The same idea extends beyond language. Image patches, robot states, actions, or other modal-

ities can also be projected into vectors of dimension d,0g4e1 and processed by the same sequence
architecture.
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2.2.2 Positional Information

Attention by itself does not encode sequence order. Without an additional positional represen-
tation, sequences containing the same elements in different orders would be difficult to distinguish.

For example,
dog bites man
and
man bites dog

contain the same tokens but have very different meanings.
Transformers therefore incorporate positional information into their representations.

The original Transformer used deterministic sinusoidal positional encodings. For sequence po-
sition pos and feature index 1,

N pos
PE(pOS, 22) = sl (100002i/dmode1)
: _ _pos
PE(pos,2i+1) = cos <100002’i/dmode1>

If e; is the token embedding and p; its positional representation, the input to the Transformer
becomes

T =€+ pi.

Many modern Transformers instead use Rotary Positional Embeddings (RoPE). Rather than
adding position directly to the token embedding, RoPE applies position-dependent rotations to the
query and key vectors:

¢ = R(i)qi,  Kj = R(j)k;.
The resulting attention score depends on

T
()" K,

whose structure naturally incorporates relative positional relationships such as ¢ — j.

2.2.3 The Transformer Block

A complete Transformer block contains more than attention. A common modern design com-
bines normalization, attention, residual connections, and a position-wise feed-forward network.

In a pre-normalization architecture, the attention portion can be written approximately as
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X" = X + Attention (Norm(X)),

followed by

X" = X"+ MLP (Norm(X")) .

The residual connections allow information to pass directly through the network while also
providing short paths for gradient propagation.

The two major computations inside the block play different roles:

attention —  information exchange between tokens,

while

MLP — nonlinear processing within each token.

A basic feed-forward network has the form

MLP(z) = Wo(Wiz + by) + bo,

where ¢ is a nonlinear activation such as GELU. Many modern architectures use gated feed-
forward networks such as SwiGLU instead.

The attention and feed-forward operations are repeated across many Transformer blocks, al-
lowing progressively richer contextual representations to emerge.

2.2.4 Queries, Keys, and Values

Attention begins by projecting the input representation into three learned spaces. Given

deoe
X eR” del

the model learns projection matrices

WQ c RdmodeIXdk’ Wk € RdmodeIXdk’ Wy € RdmodeIde’

and constructs

Q= XWy, K =XWg, V=XWy.

Thus,

Q,K e R, V e R<dv,
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For token 4, the query vector g; describes the information that the token attempts to retrieve.
For token j, the key k; describes how that token can be matched against a query, while the value
v; contains the information that can be contributed if the match is strong.

A useful interpretation is therefore

q; : What information am I looking for?
k; : How relevant am I to that request?

v; : What information should I contribute?

The compatibility between query ¢ and key j is measured by their dot product,

q; k;j.

After scaling,

T
6 — 4 k;j
"V

and the scores for query 7 are normalized with softmax,

e — exp(sij)
Y e exD(Sim)

The output corresponding to query ¢ is then

n
Yi= E A5V
J=1

Attention can therefore be interpreted as a content-dependent weighted combination of value
vectors.

The complete computation can be summarized as

QKT — compatibility scores — softmax — attention weights — AV — aggregated information.

2.2.5 Scaled Dot-Product Attention

The scaling factor 1/4/dj is important for numerical stability.
The unscaled dot product is

di
qu = Z QTk'r-
r=1

If the components of ¢ and k are approximately independent, zero-mean random variables with
comparable variance, then
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Var(q? k) o dy.

As the dimension dj grows, the magnitude of the logits can therefore increase. Large logits
cause softmax to become highly concentrated, producing probabilities close to zero or one and
reducing useful gradient magnitude.

Dividing by +/dp,

approximately compensates for this growth and keeps the attention logits in a more numerically
useful range.

The dimensional structure is also important. For one attention head,

Q: (nxdy), KT : (d, x n),
SO
QKT e R™™,

The resulting matrix contains one pairwise compatibility score for every query—key pair. After
softmax,

A e R,
and multiplying by
V e R™%
produces
AV e R,

Thus QKT determines where information should be retrieved from, while AV performs the
corresponding information aggregation.

2.2.6 Self-Attention

In self-attention, queries, keys, and values are all derived from the same sequence:

Q:XWQ, K = XWk, V =XWy.
The attention matrix is
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QK T>
A = softmax ,
o

and the resulting contextualized representation is
Y =AV.

Each element A;; specifies how strongly token 7, acting as a query, attends to token j, acting
as a key.

For example, consider
The robot grabbed the cup because it was nearby.

When constructing the representation associated with ‘it,” an attention head may assign sub-
stantial weight to ‘cup.” The value representation associated with ‘cup” can then influence the
representation of ‘it.”

Self-attention therefore allows every output token to contain information aggregated from other
locations in the sequence.

2.2.7 Multi-Head Attention

A Transformer generally performs several attention operations in parallel rather than relying
on a single query—key—value projection.

For attention head h,

Qu=xXWY,  Kp=xW,  Vi=xw,

and

Zy, = Attention(Qp, Kn, V3).

The outputs are concatenated,

7 = Concat(Zy,...,2Zy),
and passed through an output projection,
Y = ZWo.
Thus,
MultiHead(X) = Concat(Z1, ..., Za)Wo.
If the model dimension is divided evenly across H heads,
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dmodel
d;y =
h H

so that

Hdh = dmodel~
The multiple heads therefore do not usually multiply the overall hidden dimension by H. In-
stead, the representation is partitioned across several learned attention spaces and then recombined.

Different heads may learn different interaction patterns, although individual heads should not
necessarily be assumed to have simple human-interpretable roles.

2.2.8 Causal Attention

Self-attention by itself allows every token to attend to every other token. Autoregressive se-
quence generation requires an additional constraint: when predicting the next token, the model
must not access future tokens.

An autoregressive model factorizes a sequence probability as

n

P(ty,... ty) = HP(ti | t1,... tic1).
=1

This constraint is implemented using a causal mask,
0 <3
Mijj=q" 7=h
—00, ] >1.

The attention matrix becomes

QKT >
A = softmax + M.
%z

For four tokens, the allowed attention structure is

1 0 00
1100
1 110
1111

The first token can attend only to itself, while later tokens can attend to all preceding positions.

Causal attention should therefore be understood as

causal self-attention = self-attention 4 future-token masking.

Self-attention itself does not inherently require causality.
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2.2.9 Cross-Attention

Cross-attention allows one representation to retrieve information from another.

Let X, denote the query-side representation and X. a context representation. Queries are
constructed from the first source,

Q = XqWQa

while keys and values come from the context,

K = X Wk, V=XWy.

The attention calculation remains

. QK"
Attention(Q, K, V') = softmax V.
Vg

The difference from self-attention is therefore entirely in the source of the representations:

self-attention: Q, KV <+ X,

whereas

cross-attention: Q +— Xg, K,V «+ X..

Cross-attention is especially useful in multimodal systems. Suppose a robot receives the lan-
guage instruction

Pick up the red cup.

Language features may produce queries while image features provide keys and values. A lan-
guage representation associated with “red cup” can then assign large attention weights to visual
regions whose representations match the instruction.

Cross-attention therefore provides a general mechanism for information exchange between modal-
ities.

2.2.10 Encoder and Decoder Patterns
Transformer architectures differ in how attention is constrained and how information flows
through the model.

An encoder typically uses bidirectional self-attention, allowing every token to attend to every
other token in the input sequence. This is useful when the goal is to construct a contextual
representation of an entire observed input.

A decoder used for autoregressive generation applies causal self-attention so that each position
can access only information available earlier in the sequence.
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An encoder—decoder architecture combines the two ideas: an encoder first constructs represen-
tations of an input sequence, and a decoder generates an output while using cross-attention to
retrieve information from the encoder.

Conceptually,

encoder : bidirectional self-attention,
decoder : causal self-attention,

encoder—decoder : self-attention + cross-attention.

Modern multimodal architectures may combine these patterns in many different ways, but the
underlying attention mechanisms remain the same.

2.2.11 From Input Tokens to Next-Token Prediction

A decoder-only Transformer performs autoregressive next-token prediction.

Consider a sequence

t1,to,...,1n.

Tokenization converts these symbols into discrete identifiers, which are mapped to embeddings,

ti — e; (= Rdmodel.

Positional information is incorporated to form the initial sequence representation X. Each
Transformer block repeatedly contextualizes this representation through attention and nonlinear
feed-forward processing.

At the final layer, the hidden representation associated with the prediction position is projected
into vocabulary logits,

z = Wvocabh + b?

where

ze RV
Softmax converts the logits into a probability distribution,

e

Pltni = j) = —o—.
! 2‘1211 ek

A decoding rule then chooses or samples the next token.
Once t,+1 has been generated, it becomes part of the context,
[tl, e ,tn] — [tl, ey tn, tn+1],
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and the process repeats.

The full inference loop is therefore

context — Transformer — logits — softmax — next token — updated context.

2.2.12 Computational Complexity of Attention
Full self-attention compares every query with every key. Since
QKT c ]Rnxn7

the attention matrix contains n? pairwise scores.

Its storage therefore scales as

O(n?),

while the principal attention matrix multiplications scale approximately as

O(n?d),

where d denotes the relevant representation dimension.

If sequence length doubles from n to 2n, the number of pairwise attention scores grows from

to

4n?.

This quadratic dependence is one of the major computational challenges associated with long-
context Transformers.

2.2.13 Autoregressive Inference: Prefill, Decode, and KV Caching

Autoregressive inference is commonly divided into two phases: prefill and decode.

During prefill, the complete initial prompt

[tl,tg, .. ,tT]

is processed together. The Transformer computes the internal representations of all prompt
tokens and constructs the key and value tensors needed at each attention layer.

Because many prompt tokens can be processed simultaneously, prefill makes effective use of
large parallel matrix operations.
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After prefill, the model enters the decode phase. New tokens are generated sequentially,

try1, tre2, tres,

Causal masking ensures that the representation of an earlier token does not depend on tokens
generated later. Consequently, the key and value representations previously computed for those
earlier tokens do not change and can be reused.

This motivates KV caching. Suppose the model has already processed t tokens. At a particular
layer, their stored keys and values are

Kcachc = [Kla KZ; ey Kt]v

‘/vcache = [Vla‘/?a .. 7%]

For the new token ¢ 4 1, only

qt+1, ki1, V41

must be computed. The new key and value are appended to the cache,

Kcache — [Kcachea kt+1]7

chache <~ [‘/;achea Ut+1]7

and the new query attends to the accumulated keys and values.

KV caching therefore exchanges additional memory usage for substantially less repeated com-
putation.

A rough scaling law for the number of cached scalar values is

O(2BLT Hypdy,),

where B is batch size, L is the number of Transformer layers, T is cached sequence length, Hy,
is the number of key/value heads, and dj, is head dimension. The factor of 2 accounts for storing
both keys and values.

The actual memory requirement also depends on numerical precision.

2.2.14 Multi-Head, Multi-Query, and Grouped-Query Attention

Conventional multi-head attention generally assigns separate query, key, and value projections
to every attention head. If there are H query heads, there are therefore typically H key and value
heads as well.

During autoregressive inference, only keys and values must be retained in the KV cache. Cache
memory can therefore be reduced by sharing key/value representations across query heads.
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In Multi-Query Attention (MQA), all query heads share one set of keys and values,

Hyp = 1.

This can reduce KV-cache memory substantially.

In Grouped-Query Attention (GQA), groups of query heads share key/value heads,

1 < H, < H.

GQA therefore provides a compromise between ordinary multi-head attention and MQA. Since
KV-cache memory is approximately proportional to Hy,, reducing the number of key/value heads
can substantially reduce inference-memory requirements.

2.2.15 Summary

A Transformer converts discrete or continuous inputs into vector representations, incorporates
positional information, and repeatedly applies attention and nonlinear feed-forward transforma-
tions.

The central attention operation is

. QK"
Attention(Q, K, V') = softmax V.
Vg

The projections

Q=XWg, K =XWg, V=XWy

determine what information is requested, how candidate information is matched to that request,
and what information is ultimately aggregated.

Self-attention exchanges information within a sequence. Multi-head attention performs this
operation in several learned representation spaces. Causal masking restricts information flow for
autoregressive prediction, while cross-attention allows information to move between different se-
quences or modalities.

A Transformer block combines this attention operation with normalization, residual connections,
and token-wise nonlinear processing. Repeated blocks produce increasingly contextual representa-
tions that can ultimately be mapped to predictions.

During autoregressive inference, the initial context is processed during prefill, after which to-
kens are generated sequentially during decode. KV caching avoids recomputing key and value
representations for previous tokens, while MQA and GQA reduce the memory required to store
them.

The complete flow can therefore be summarized as
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input

I

tokenization / embedding

1

positional representation

1
attention + MLP blocks

!

contextual representation

!

output distribution

l

prediction.

These mechanisms form the foundation of modern language models and also extend naturally
to multimodal systems in which text, images, robot state, and actions are represented within a
common Transformer-based architecture.

2.3 Vision-Language-Action Models and Embodied AI

A Vision-Language-Action (VLA) model extends a vision-language model from perception
and reasoning into control:

’VLM: perception + language‘

’VLA: perception + language + action‘

Instead of only describing the scene, a VLA predicts robot actions:

(01, €) = w9 — ay,

where

o0; is the current observation,

¢ is the language instruction,

ay is the robot action,

mp is the learned policy.

A robot observation may contain multiple modalities:
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o = (It7 Dta qt, qtv ft)v

where I; is RGB imagery, D; is depth, ¢; contains joint positions, ¢; contains joint velocities,
and f; contains force/torque information.

2.3.1 VLA Architecture

A typical VLA architecture separately encodes different modalities:

I; — Vision Encoder — zy,

¢ — Language Encoder — zp,

s¢ — State Encoder — zg.

These representations are fused by a multimodal model:

[zv, 21, zs] — Multimodal Transformer — Action Head.

Thus,

ar = fo(zv, 21, 25).

A useful mental model is

’ Observation — Tokens — Multimodal Transformer — Action‘

2.3.2 Action Representations

There is no universal robot action representation. The action depends on the control interface.

Joint Position

at = [QTvqgaacﬁﬂ
Joint Velocity
at = [(jlv s 7qn]
Joint Torque
ay = [7'1, e ,Tn].
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End-Effector Delta
ar = [Azx, Ay, Az, Arg, Ary, Ar, g],

where g represents a gripper command.
This can be written compactly as

ar = [Apy, ARy, g¢].

Absolute Cartesian Pose
ar = [l’, Y, 2z, qQw, Gz, Qy, 4z, g]

End-effector deltas are often useful because they provide a relatively robot-independent action
representation.

2.3.3 Observation Tokenization

Transformers operate on sequences of vectors, so robot observations must first be converted into
tokens.

For vision,
I; — image patches — x1,...,zxN.

Robot state can be projected using an MLP:

St = [Qt> Qta 9t],

Ts = Wsss + bg.

Language is tokenized in the usual way.

The resulting multimodal sequence might be

text text . vision vision
X = [, oy, ey e, s

A Transformer then models interactions across modalities:

H = Transformer(X).

2.3.4 Temporal Context

A single observation is often insufficient for robotics.
For example, one image may not reveal whether an object is moving left or right.

Therefore, policies may use observation histories:
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Ot—k:t = [Ot—kv ce 70t]-

Each observation can be encoded:

Tt = f(Ot)a

and the temporal sequence becomes

[‘Tt,k, s ,.’L’t].

This gives the model information about motion and temporal evolution.

2.3.5 Action Tokenization

One approach is to represent continuous actions as discrete tokens.

Suppose

Az € [~0.05,0.05] m.

The interval can be discretized into B bins:

[—0.05,0.05] — {0,1,...,B —1}.

Action prediction can then be formulated similarly to next-token prediction:

P(at | Ogt,g).

This allows standard autoregressive Transformer machinery and cross-entropy training:

L = —log P(aj™®).

The conceptual sequence becomes

Text Tokens + Vision Tokens + Action Tokens

processed by a common sequence model.

2.3.6 Discretization Error
Action tokenization introduces finite resolution.
For
ac [amim amax]
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with B bins, the approximate action resolution is

Gmax — Gmin
Ag~ ——————

B

Therefore, discrete action prediction trades continuous precision for compatibility with token-
based sequence modeling.

2.3.7 Continuous Action Prediction

Instead of discretizing actions, the network can directly predict real-valued controls:

ay € Rda .

A simple action head is

ar = Whe +b.

Training can use regression:

L= la; — a3.
Huber loss or other regression losses may also be used.
The major advantage is that there is no quantization error.
2.3.8 Multimodal Action Distributions

Simple deterministic regression can fail when several actions are valid.

Suppose two possible actions are

a)p = [—1,0}, a9 = [1,0].

Minimizing mean-squared error may produce their average:

a = 10,0],

even though this may be a poor action.

The problem is that

pla|o)

can be multimodal.

Instead of predicting only
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we can model a distribution:

p(a|o),

and sample

a~ plalo).

For example,

p(a ‘ 0) = 0.5pieft + 0.5pright'

This motivates distributional action models such as mixture models, diffusion policies, flow
matching, and autoregressive action prediction.

2.3.9 Action Chunking

A single-step policy predicts

at,

then later

at+41,

and so forth.

Action chunking instead predicts multiple future actions simultaneously:

’At = [at,at+17 .. '7a’t+H—1} ‘

where H is the chunk horizon.

If the action dimension is d,,

A e RHXda.

For example,

requires predicting
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16 x 7=112

continuous values.

Action chunking provides three important benefits:

e improved temporal coherence,
e reduced model inference frequency,

e representation of short-horizon trajectory intent.

2.3.10 Receding-Horizon Execution

Predicting an entire chunk does not require executing the whole chunk open-loop.

A useful strategy is:

1. predict H future actions,
execute only the first few,

observe the environment again,

- W N

predict a new chunk.

Thus,

Predict Long Execute Short

This combines trajectory coherence with closed-loop feedback.

2.3.11 Temporal Ensembling

When overlapping action chunks are predicted, several predictions may exist for the same future
timestep.

For example,

Ay = [ag, apq1, apy2, .-

and

App1 = [a;Jrl? a£+27 . ]

Multiple predictions can be combined:

&t+1 = Zwiagﬁl.
i
This can smooth the executed control trajectory.
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2.3.12 Hierarchical Policies

Complex tasks naturally operate at multiple levels of abstraction.

For an instruction such as
Make me coffee.
a high-level policy may produce subgoals such as

1. find mug,

2. grasp mug,

3. move mug to machine,
4. operate machine,

5. retrieve mug.

The high-level policy can be represented as

gt = ﬂ-H(Otaf)v

where gy is a goal or subtask.

A low-level policy then produces motor actions:

ay = WL(Ot,gt)-

Therefore,

’ 7wy : observation — subgoal‘

and

’7TL : observation + subgoal — motor action‘

The high-level output might be a language instruction, skill ID, waypoint, target pose, or
object-centric goal.

2.3.13 Why Hierarchy Matters

Robotic reasoning and control operate at very different timescales.

Semantic planning may operate near

1 Hz,
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while learned manipulation policies may operate at roughly

10-50 Hz,

and low-level motor controllers may run at hundreds or thousands of Hertz.

A conceptual robot stack is therefore

Camera + Language

+
VLM / High-Level Planner
+
Goal or Skill

+

Action-Chunk Policy
1

Desired End-Effector Trajectory

1

Low-Level Controller

!

Joint Commands

This avoids running expensive semantic reasoning at servo-control frequencies.

2.3.14 Action Chunking vs. Hierarchy

These concepts solve different problems.

’Action chunking = temporal grouping of low-level actions‘

while

’Hierarchy = abstraction across levels of control‘

They can be combined:

High-Level Policy — g; — Low-Level Policy — [ay, .. ., arrm—1].

2.3.15 Behavior Cloning

Robot demonstrations can be represented as trajectories:

T = (01,@1, 02,042, ...,0T, aT)'
With language instruction ¢, a dataset is
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D = {(t;, )}y

For discrete actions, behavior cloning can minimize

L= —Zlogﬂg(at | 0<t,0).
t

For continuous regression,
L= lla—ads3.
t

2.3.16 Covariate Shift

A major problem with behavior cloning is that training observations come from the expert
distribution:

s~ pexpert(s)‘

During deployment, however, a small policy error can move the robot into a new state s’ that
was not represented in the demonstrations.

The policy is then operating off-distribution, which can cause another error, followed by another.

This produces compounding error:

Small Error — New State — Distribution Shift — Larger Error

This phenomenon is commonly called covariate shift in imitation learning.

Strategies mentioned for addressing it include closed-loop replanning, DAgger, reinforcement-
learning fine-tuning, and data augmentation.

2.3.17 Discrete vs. Continuous Actions
Discrete / Tokenized Actions Advantages:

e naturally integrate with autoregressive Transformers,
e use cross-entropy objectives,

e can represent multimodality through token probabilities.
Disadvantages:

e introduce quantization error,
e may require large action vocabularies,

e may require sequential decoding.
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Continuous Actions Advantages:

e natural representation for robot control,
e no quantization error,

e entire action vectors can be predicted directly.
Disadvantages:
e deterministic regression can average multiple valid action modes.

Neither representation is universally superior.

2.3.18 Interview Summary

VLA: A policy model that conditions on visual observations, language, and robot state to predict
actions.

Observation Tokenization: Converts images, state, proprioception, and other observations into
vector representations suitable for a sequence model.

Action Tokenization: Discretizes continuous robot actions so control prediction can be treated
similarly to next-token prediction.

Continuous Actions: Predicts real-valued robot commands directly rather than discretizing them.
Action Chunking: Predicts several future actions in a single model inference.

Receding-Horizon Control: Predicts a long action chunk but executes only part of it before
observing and replanning.

Temporal Ensembling: Combines overlapping predictions for the same future action to produce
smoother control.

Hierarchical Policy: Separates slow high-level task reasoning from fast low-level motor execu-
tion.

Behavior Cloning: Learns a policy by matching demonstrated expert actions.

Covariate Shift: Deployment errors push the robot into states not represented in expert demon-
strations, causing errors to compound.

2.3.19 Key Mental Model

The complete embodied-Al pipeline can be summarized as

’ Observation — Tokens — Multimodal Transformer — Intent — Action Chunk — Low-Level Controller
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The central design questions are

How should observations be represented?
How should actions be represented?
Discrete or continuous actions?
Single-step or chunked prediction?

Flat or hierarchical policy?

How frequently should the system replan?

For interview preparation, the most important relationships to remember are

’(Ot,é) — T —>at‘

’At = [at,...,a4H-1] ‘

and

’gt :WH(Ot,ﬁ), ag :ﬂ_L(Otagt)"

2.4 Diffusion Models, Flow Matching, and Generative Robot Poli-
cies

Many robot-learning problems are naturally multimodal. Given the same observation and task,
there may be several distinct action sequences that would all lead to success. A robot navigating
around an obstacle, for example, may pass on either the left or the right. Similarly, a manipulator
may approach an object from several valid directions.

This creates a fundamental difficulty for deterministic regression.

Suppose two valid action trajectories are

Aleft

and

Ari ght-

A regression model trained with mean-squared error tends to predict the conditional mean,

A ~ Aleft + Aright

— 5
However, the average of two valid trajectories is not necessarily itself valid. If the two trajectories
correspond to passing an obstacle on opposite sides, their average may pass directly through the

obstacle.
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This motivates a different modeling objective. Rather than predicting a single action trajectory,
the model should represent a conditional distribution

p(Alc),
where A denotes an action trajectory and ¢ denotes the conditioning information available to
the policy, such as images, language instructions, proprioceptive state, or task goals.

Two important families of generative models for this purpose are diffusion models and flow-
matching models. Both transform a simple random distribution into a complex data distribution,
but they formulate the transformation differently.

Diffusion models learn how to reverse a gradual corruption process, while flow-matching models
learn a continuous velocity field that transports probability mass from a simple base distribution
toward the data distribution.

2.4.1 Generative Modeling of Robot Actions

For robot control, the object being generated is often not a single action but an action chunk

A = [at,at_,_l, e 7at+H—1]a

where H is the prediction horizon.

If the condition is

Cc= (Ita Qt»f)a

then the policy may model

p(A’Ih qt, 6)7

where I; is the current visual observation, ¢; is the robot state, and ¢ is a language instruction.

This formulation allows the same observation to produce several possible trajectories, each
corresponding to a valid mode of the action distribution.

Sampling a trajectory then becomes part of policy inference.

2.4.2 Diffusion Models

A diffusion model defines two complementary stochastic processes.
The forward diffusion process gradually corrupts a data sample by adding Gaussian noise.

The reverse diffusion process attempts to invert this corruption and transform noise back into
a sample from the data distribution.

For robot policies, the clean sample may be an action trajectory
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Ag = lag, apq1s- - appm—1)-

The goal is to learn a model capable of generating samples approximately distributed according
to

p(Aolc).

The important idea is that training is performed on partially corrupted versions of real trajec-
tories, while generation begins with noise.

2.4.3 The Forward Diffusion Process

Let

Lo ~ Pdata

denote a clean data sample.

A standard Denoising Diffusion Probabilistic Model (DDPM) defines a Markovian forward
process

q(zi|xi—r) =N <\/ 1B Hft—hﬁﬂ) ;

where 3; is a small positive noise parameter.

At every diffusion step, the sample is slightly attenuated and additional Gaussian noise is
introduced.

It is convenient to define

ap=1-p4

and the cumulative product

t
@t = H Qg.
s=1

A particularly important result is that x; can be sampled directly from xy without explicitly
simulating all preceding diffusion steps:

mt:\/@t‘rO"’_Vl_@tG

where

e~ N(0,1).
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This identity is central to practical diffusion training.

At small t, the coefficient

Vay
is relatively large, so the sample still resembles the original data.
As t increases, the signal component decreases while the noise component increases.
At the final diffusion step,
T =~ N(O, I)

Thus, the forward process gradually converts structured data into approximately Gaussian
noise:

rog —> L1 —> - —> XT.

The forward process is normally fixed mathematically rather than learned.

2.4.4 The Reverse Diffusion Process

Generation proceeds in the opposite direction.

One begins with

.Z’TNN(O,I)

and attempts to construct

TT—-1,LT-25---,Z0-

The ideal reverse conditional distribution

Q(ﬂﬁt—l\wt)

depends on the unknown data distribution and cannot generally be evaluated directly.

A parameterized neural network is therefore used to approximate the reverse process:

p@(xt—l‘xt)-

A common parameterization is

po(zi—1]ze) = N (no(ze,t), X¢) .

The network receives both the noisy sample z; and the diffusion timestep ¢, because the correct
denoising behavior depends strongly on how noisy the sample currently is.
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Conceptually, the network must answer:

Given this corrupted sample and its noise level, how should it be transformed toward a
cleaner sample?

2.4.5 Noise Prediction

A particularly common parameterization does not predict the clean sample or the reverse mean
directly. Instead, it predicts the Gaussian noise that was used to construct .

From the forward relation,

Ty = /0Ty + 1-— Que,

a neural network predicts

€= Eg(xt,t).

The canonical training objective is

Laigr = Ea . [lle = eoan, DI

Training therefore consists of repeatedly performing the following procedure:

1. sample a clean data point xg,
2. sample a diffusion timestep £,
3. sample Gaussian noise e,

4. construct x;,

5. ask the model to predict e,

6. minimize the noise-prediction error.

One appealing aspect of this formulation is that the objective is simply a regression loss even
though the resulting model represents a complicated probability distribution.

2.4.6 Why Predicting Noise Is Sufficient

The connection between noise prediction and denoising follows directly from the forward equa-
tion.

Starting from

Ty = v ouxo + V1 — Oy,
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we can rearrange to obtain

IL‘t—\/l—@tE
var

Therefore, if the model accurately estimates ¢, it can also infer an estimate of the clean sample

ro —

xo.

The denoising network can consequently be parameterized in several equivalent or closely related
ways.

It may predict the added noise,
eg(xe,t) = €,

the clean sample,

x@(xh t) ~ X,

or a derived quantity such as a velocity parameterization,

UV =\ Q€ — \/1 — QXQ-

The phrase diffusion objective therefore does not uniquely imply noise prediction. Noise pre-
diction is simply one particularly common formulation.

2.4.7 Conditional Diffusion

For robot learning, unconditional generation is rarely sufficient.

The model should generate actions appropriate for the current scene and task. Instead of
learning

p(4),
we therefore want
p(Alc).
The conditioning variable may contain
C= (Itv qt, 6),

where I; represents visual input, ¢; represents proprioceptive state, and £ represents a language
instruction.

The denoiser becomes
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60($t7 t? C)'

For an action chunk

AO = [at7 cevy at+H—l]7

training constructs

A =aAy+ V1 — age,

and predicts

The training loss remains
112
L= le—éll3-
During inference, the model begins with

Ap ~ N(0,1)
and repeatedly denoises while conditioning on c.

The final output is a trajectory consistent with the current observation and task.
This is the basic idea behind a diffusion policy.

2.4.8 Why Diffusion Is Attractive for Robot Policies

Diffusion is particularly useful when the conditional action distribution is multimodal.

Suppose the robot may validly execute either

Aleft

or

Aright .

A deterministic regressor may predict an undesirable average between the two.

A diffusion model instead represents

p(Ale)

and can sample
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A ~ p(A|c).

Different random initial conditions can therefore lead to different valid modes.

One sample might produce the left-side strategy, while another might produce the right-side
strategy.

The model does not need to collapse both strategies into a single conditional mean.

2.4.9 How Conditioning Enters the Network
There are several ways for external context to influence a generative model.
The simplest is concatenation:
[x4; c].

The network receives the noisy sample and conditioning variables as a joint input.

Another approach is feature-wise modulation. The condition generates scale and shift parame-
ters,

W = y(c)h + Blo).

This allows the condition to modulate intermediate network features.
For Transformer-based models, cross-attention is especially natural.

Action representations may produce queries,

Q = Xaction WQ y

while visual or language representations produce keys and values:

K = XopsWk, V = XopsWy.

Cross-attention then computes

. QK™
Attention(Q, K, V') = softmax V.
Vg,

The generated trajectory can therefore selectively attend to the portions of the scene or instruc-
tion that are relevant to each action.

2.4.10 DDPM Sampling

The DDPM formulation uses a stochastic reverse process.

A conceptual reverse step is
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w1 = pg(xe,t) + 0p2,

where

z ~N(0,1).

Thus, generation proceeds through a sequence of stochastic transitions:

T — -1 — - — Q.

Traditional DDPM formulations often use a large number of denoising steps.

Every step requires a neural-network evaluation, so generation can be computationally expen-
sive.

This cost is especially important in robotics, where action-generation latency may directly limit
control frequency.

2.4.11 DDIM Sampling

The Denoising Diffusion Implicit Model (DDIM) provides a different sampling formulation that
can reuse the same underlying denoising network.

DDIM allows the reverse process to become deterministic by setting the stochastic component
to zero:

O't:().

A reverse update then has the form

w1 = f (x4, €9(24,1)).

For a fixed initial noise sample and timestep schedule, the resulting trajectory can therefore be
deterministic.

DDIM also makes it possible to use a reduced sequence of denoising steps.

The key distinction is not that DDPM and DDIM require completely different learned networks.
Rather, DDIM primarily changes the sampling trajectory through the diffusion process.

Thus, at a high level,

DDPM

is associated with stochastic reverse sampling, while

DDIM

allows deterministic or less stochastic sampling and often supports fewer network evaluations.
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2.4.12 Diffusion Transformers

The diffusion formulation specifies a generative objective and sampling process, but it does not
dictate the architecture of the denoising network.

Historically, U-Net-style architectures have been common diffusion backbones.

A Diffusion Transformer (DiT) instead uses a Transformer as the network responsible for
predicting the denoising quantity.
Conceptually,

¢ — tokenization — Transformer — €.

For robot action generation, suppose

A, € RHE*da,

Each action timestep can be embedded as a token:

a; — €;.

The Transformer can then process the sequence of action tokens along with additional informa-
tion such as

generative timestep,

trajectory position,

visual context,

robot state,

and

language instructions.

If E denotes the action-token sequence, a simplified model may be written as

H = Transformer(FE, ¢, 7),

followed by

I
N
=
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The important distinction is that DiT is an architecture, not a training objective.

A Transformer can be used inside a diffusion model, a flow-matching model, or another gener-
ative framework.

2.4.13 Why Transformers Are Natural for Action Trajectories

Robot action chunks are inherently sequential:

Aty Q415 -+ - A+ H—1-

Actions at different positions in the sequence are correlated.

For example, an early reaching motion affects the appropriate orientation and gripper behavior
later in the trajectory.

Self-attention gives the model a direct mechanism for representing such dependencies.

Cross-attention also provides a convenient way to condition action generation on visual or
language tokens.

For this reason, Transformer-based generative models fit naturally with trajectory prediction.

2.4.14 Flow Matching

Flow matching provides another approach to generative modeling.

Rather than defining a stochastic noising process and learning how to reverse it, flow matching
directly learns a wvelocity field that transports samples from a simple base distribution to the data
distribution.

Let
o ~ Po

denote a sample from a simple distribution, typically Gaussian noise, and let

Z1 ~ Pdata
denote a sample from the data distribution.
We define a continuous path
337-, T € [0’ 1]7
that connects the two.
The simplest example is linear interpolation:
zr =1 —7)zo + T271.
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At

7 =0,
we have
Tr = X0,
while at
T=1,
we have
Tr = I1.
2.4.15 The Velocity Field
Differentiating the linear path gives
de; 1 — T
ar ! 0

The desired velocity is therefore

Ur = T1 — X0
for this simple interpolation.
A neural network
vo(Tr,T)

is trained to predict the target velocity.

A simple flow-matching objective is

Ln = E [Jlug(wr,7) = urll3]

The model is therefore not directly predicting noise or a clean sample. It predicts how the
current sample should move through the generative state space.

2.4.16 Generation with Flow Matching
Once the velocity field has been learned, generation begins with
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z(0) ~ po.

The generated sample evolves according to the ordinary differential equation

d
ﬁ = Vg (xa 7—)
Integrating from
7=0
to
T=1

transports a noise sample toward the learned data distribution.

The model can be interpreted as answering the following question:

Given the current sample and generative time, in what direction and at what speed
should the sample move?

Generation therefore corresponds to following a learned vector field.

2.4.17 Conditional Flow Matching for Robot Control

As with diffusion, robot policies require conditional generation.

Let

A=lag,...,ap45-1]

denote an action chunk, and let

c= (It,Qt7£)

denote the current observation and task condition.

Generation begins with a random action trajectory

A(0) ~ N(0,1).
The model defines a conditional velocity field
vg(A, T,c).
Inference then solves
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dA

e vg(A, T, c¢).
At
T=1,
the trajectory
A1)

should correspond to a plausible action sequence for the given condition.

Different initial noise samples can produce different trajectories, allowing the model to represent
multimodal behavior.

2.4.18 Diffusion and Flow Matching

Diffusion and flow matching are conceptually different but mathematically related.

Diffusion is often introduced through a stochastic differential equation,

de = f(z,t)dt + g(t) dW,

where dW; represents Brownian noise.

The forward process gradually destroys structure, and the learned reverse dynamics reconstruct
the data distribution.

Flow matching instead directly learns an ODE,

At a conceptual level,

diffusion

asks how to remove corruption, whereas

flow matching

asks how samples should move continuously through probability space.

The distinction should not be overstated. Diffusion models can be associated with probability-
flow ODEs that reproduce the same marginal distributions as the corresponding stochastic process.

A more precise description is therefore:
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Diffusion typically begins from a stochastic corruption process and learns reverse dy-
namics, whereas flow matching directly trains a vector field that transports probability
mass between distributions.

2.4.19 Generation Cost and Control Latency

Generative policies are computationally more expensive than direct regression because they
typically require several neural-network evaluations for every generated action sequence.

Suppose a robot replans at

20 Hz.

The available time for generating the next action chunk is then roughly

50 ms

before accounting for perception, communication, and low-level control overhead.

If trajectory generation requires hundreds of network evaluations, real-time deployment may be
impractical.

Sampling efficiency is therefore not merely a computational concern in robotics. It directly
affects achievable control frequency.

This is one reason reduced-step diffusion samplers and flow-based methods are attractive for
embodied systems.

2.4.20 Generative Time and Physical Time

Robot generative policies involve two distinct time coordinates that should not be confused.

Physical control time is indexed by t. An action trajectory is

A= lag, 41, -5 G H-1]-
These indices correspond to actions that will be executed at successive robot-control timesteps.
The generative process introduces a second time variable, which is useful to denote by 7.
For example,

AT:()

may correspond to a random trajectory, while

AT—I

corresponds to the generated clean action trajectory.
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Thus,

t = physical robot time,

while

T = generative time.

A diffusion or flow model therefore transforms an entire trajectory through generative time
while the positions within that trajectory refer to physical time.

This distinction is especially important when reading robot diffusion-policy and flow-matching
equations.

2.4.21 Direct Regression and Generative Policies

It is useful to compare generative action models with direct regression.

A deterministic regressor computes

A= fy(o).

Generation requires only one forward pass, making this approach computationally attractive.

However, if the conditional distribution

p(Alc)

has several modes, deterministic regression tends to produce a central tendency such as the
mean.

Diffusion and flow-matching models instead introduce a random variable at inference time.

For diffusion,

AT NN(O7I)7

and repeated denoising transforms this noise into a trajectory.

For flow matching,

A(0) ~ N(0,1),

and ODE integration transports the random trajectory toward the data distribution.

Different random initializations may therefore produce different valid behaviors.
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2.4.22 A Robot Manipulation Example

Suppose a robot receives the condition

¢ = (I, q, “pick up the cup”)

and must generate a 32-step action trajectory with seven action dimensions per timestep:

Ac R32X7.

The seven action components might represent six-dimensional end-effector motion together with
a gripper command.

In a diffusion policy, inference begins with
Ap ~ N(0,1).

At every generative step, the model evaluates

e =eg(Ar,7,¢)
and updates the current trajectory toward a less noisy version.
After repeated updates,

Ar — - = Ay,

where Ag is a coherent action sequence.

In a flow-matching policy, inference instead begins with

A(0) ~ N(0,1)

and integrates

dA
E = Vg (Av T, C)
until
T=1
The result
A1)

is the generated trajectory.

Both models can therefore map the same observation into different plausible action sequences
depending on the random initial condition.
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2.4.23 Choosing a Generative Formulation

The different approaches can be understood in terms of what the network predicts and how
generation proceeds.

A direct regression model predicts the action trajectory itself:

A= fy(o).

A DDPM-style diffusion model usually predicts a denoising quantity such as

67 ‘,1:07

or a related parameterization and generates samples through iterative denoising.

A DDIM sampler uses the same general denoiser but follows a different reverse trajectory that
may be deterministic and use fewer steps.

A flow-matching model predicts

vg(z,T),

a time-dependent velocity field, and generates samples by integrating an ODE.

A DiT describes the architecture used to implement the neural network rather than the gener-
ative objective itself.

It is therefore possible to combine different design choices. For example,
Transformer architecture + diffusion objective

and

Transformer architecture 4+ flow-matching objective

are both valid model designs.

2.4.24 The Broader Role of Generative Policies

Generative robot policies are useful because robot behavior is rarely described by a unique
correct action.

A task may permit several grasp poses, several collision-free trajectories, or several different
high-level strategies.

A useful policy should therefore often represent

p(Alc)
rather than only its conditional mean.
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This perspective unifies several modern action-generation methods.

Diffusion models construct the action distribution through iterative denoising.

Flow-matching models construct it through continuous probability transport.

Autoregressive models factor the action distribution into a sequence of conditional predictions.
Mixture models explicitly represent several modes.

Although these approaches differ mathematically, they address the same fundamental issue:
uncertainty and multimodality in future robot behavior.

2.4.25 Summary

Generative robot policies model distributions over actions or trajectories rather than predicting
a single deterministic control vector. This is useful because many robot tasks admit several different
successful behaviors, and averaging those behaviors can produce an invalid solution.

Diffusion models introduce a forward process that gradually converts data into Gaussian noise,

Ty = /04Xy + 1-— Que,

and learn a reverse process that reconstructs data from noisy samples.

A common diffusion objective predicts the added noise:

Laig = E |||e — eg(my, t, C)Hg} :

For robotics, conditioning allows the generated trajectory to depend on current observations,
language, and robot state.

DDPM and DDIM primarily differ in the reverse sampling procedure. DDPM uses stochastic
reverse sampling, whereas DDIM permits deterministic or reduced-step trajectories using the same
general denoising model.

A Diffusion Transformer uses a Transformer as the denoising backbone. DiT is therefore an
architectural choice rather than a distinct generative objective.

Flow matching takes a different perspective. It learns a vector field

vg(z, T)

such that generation can be performed by integrating

dx

o =vg(x,T).

Conditional flow matching applies the same idea to robot actions:

o =vp(A,T,0).
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Diffusion and flow matching are mathematically related approaches to transporting a simple
base distribution into a complex data distribution.

For robot control, the central practical considerations are multimodality, conditioning, trajec-
tory coherence, and inference latency. A generative policy is valuable when multiple action se-
quences may be correct, but its sampling procedure must be efficient enough to satisfy the robot’s
control-rate requirements.

The central distinction can therefore be summarized as

Diffusion: learn to reverse corruption

and

Flow matching: learn the velocity of probability transport.

Both ultimately seek to model

p(Alc),

the distribution of valid action trajectories conditioned on the robot’s current context.

2.5 Behavior Cloning, DAgger, and Trajectory Modeling

Imitation learning attempts to construct a policy by learning from demonstrations of desired
behavior. In robotics, this is attractive because specifying a reward function for a complicated
manipulation or navigation task can be difficult, whereas it may be comparatively easy for a human
operator or an existing controller to demonstrate the desired behavior.

The simplest form of imitation learning is behavior cloning. Behavior cloning treats policy
learning as a supervised learning problem: observations are used as inputs and demonstrated
actions are used as targets.

This formulation is conceptually simple, but sequential decision-making introduces a difficulty
that does not normally appear in static supervised learning. A prediction made by a control policy
changes the physical system and therefore changes the inputs that the policy will receive in the
future. Even a small error can move the robot into states that were rarely represented in the
expert demonstrations. Subsequent predictions may then become less reliable, causing errors to
accumulate over time.

This phenomenon connects several important concepts:

behavior cloning — covariate shift — compounding error.

The DAgger algorithm addresses this problem by collecting training examples from states visited
by the learned policy itself rather than only from states visited by the expert.

A separate but complementary issue concerns the temporal representation of actions. A policy
can predict one action at a time, or it can predict an entire short trajectory. The latter approach,
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known as action chunking, allows the model to capture temporal structure and multiple possible
short-horizon behaviors.

These ideas can be organized into two related themes:

behavior cloning — distribution shift — DAgger,

and

trajectory distributions — action chunking — short-horizon trajectory modeling.

2.5.1 Behavior Cloning

Suppose an expert generates a trajectory

T = (01,(11702,612, o ,OT,CLT),

where o; denotes the observation available to the policy and a; denotes the expert action.

From one or more trajectories, we construct a dataset of observation—action pairs,

D = {(0s, @)}y

A parameterized policy

mg(alo)
is trained to reproduce the demonstrated action.

For a deterministic continuous-action policy, a common objective is mean-squared error:

Lpc(0 Z llai — mo(o0; H2

For discrete or stochastic actions, the corresponding maximum-likelihood objective is

Lpc(0 —— Z log mg(a;|o;).

Behavior cloning is therefore ordinary supervised learning applied to expert demonstrations.

Its main attraction is simplicity. The learner does not need an explicitly designed reward
function, online exploration, or reinforcement learning. If a sufficiently large collection of high-
quality demonstrations is available, useful policies can often be learned directly from them.

The central limitation is that the supervised-learning objective is evaluated on observations
from the demonstration dataset, while the learned policy is eventually evaluated on observations
produced by its own actions.
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2.5.2 Why Sequential Prediction Is Different from Static Prediction

Consider a conventional image-classification problem. If a classifier makes an incorrect predic-
tion for one image, the mistake does not normally change the next image presented to the model.

Control is fundamentally different.

The action produced at time ¢ changes the physical system,

St — At — St41,

and therefore changes the observation available to the policy at the next timestep.

Consequently,

the policy’s output at time ¢

influences

the policy’s input at time ¢ + 1.

This feedback loop is the reason small prediction errors can have effects far beyond a single
timestep.

Suppose an expert policy keeps a system near a nominal condition

xr ~ 0.

The training dataset therefore contains many examples near this region.

Now suppose the learned policy makes a small error and moves the system to

x = 0.05.

If this state is uncommon in the demonstrations, the prediction made there may be less accurate.
The next state might become

z = 0.10,

followed by

z = 0.20,

and so forth.

The important point is that errors are not independent. One error changes the distribution of
future observations and can make later errors more likely.

178



2.5.3 Covariate Shift in Imitation Learning

Let mg denote the expert policy.

When the expert generates demonstrations, it induces a distribution over states,

s~ dr,(s).

Behavior cloning is trained primarily using samples from this distribution.

At deployment, however, the learned policy 7wy generates its own trajectories and therefore
induces a different state distribution,

s~ dry(8).

In general,

Ay (8) 7 s (8)-

This discrepancy is the central distribution-shift problem in behavior cloning.

It may also be written as

Ptrain (5) # Pdeployment (5) .

The important feature of this shift is that it is policy-induced. The learner is not merely tested
on a randomly different dataset. Its own decisions determine which future states it will encounter.

This creates the feedback process

prediction error — new state — less familiar observation — larger prediction error.

2.5.4 Compounding Error

This phenomenon is often described as compounding error.

Suppose a learned policy has a small probability ¢ of making a poor decision at each timestep.
If errors were independent and did not affect future states, one might expect error to accumulate
approximately linearly with the horizon.

In a sequential control problem, however, the first error changes the state distribution. The
policy may then encounter observations for which its prediction error is larger than it was on the
expert distribution.

Therefore, the consequences of errors can grow more rapidly than a simple sum of independent
mistakes would suggest.

The essential distinction is

static supervised learning: prediction does not change the next input,
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whereas

control: prediction changes the next input.

This is one of the fundamental reasons imitation learning is harder than ordinary supervised
learning.

2.5.5 Dataset Aggregation

DAgger, short for Dataset Aggregation, was introduced to address the state-distribution mis-
match created by behavior cloning.

The central idea is simple: instead of training only on states visited by the expert, the learner
should also be trained on states that it visits itself.

Suppose the initial expert dataset is

A behavior-cloned policy

™1

is trained from this dataset.

The policy is then deployed and generates states

81,82,.-.

according to its own state-visitation distribution.

For each visited state s;, the expert is asked what action should have been taken:

a; = mg(st).

These newly labeled examples are added to the dataset:

Dy =Dy U {(St,ﬂE(St))}.
A new policy 79 is then trained on the enlarged dataset.

The process is repeated:

T — run learner — collect visited states — obtain expert labels — Dyy1 — mpy1.

The important change is that the training distribution gradually incorporates states drawn from

drg

which is the distribution the learner must actually handle at deployment.
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2.5.6 Why DAgger Improves Robustness

Consider a lane-following system.

An expert may provide demonstrations in which the vehicle is almost always centered in the
lane. The resulting dataset therefore contains many examples of nominal driving and very few
examples of substantial lateral error.

A learned policy may eventually drift into states such as

20 cm right of center,

40 cm right of center,

or

rotated toward the road edge.
A behavior-cloned policy may have little experience with these states.

DAgger deliberately collects them and asks the expert to specify corrective behavior, for example

steer left,

steer left more aggressively,

or

reduce speed.

The resulting dataset contains not only nominal demonstrations but also recovery behavior.

This distinction is important. A robust controller must often know how to recover from devia-
tions rather than merely imitate trajectories that never deviate.

2.5.7 Expert Labeling and Expert Control

The expert does not necessarily have to control the system continuously during DAgger data
collection.

The learned policy can generate the trajectory,

3Nd7r97

while the expert provides only the target action

WE(S)
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for each encountered state.

This separation is useful because the goal of DAgger is specifically to obtain expert supervision
on states distributed according to the learner.

In practice, however, safety may require the expert to retain some control. One possible ap-
proach is to use a mixture policy

Tmix = Bﬂ-E + (1 - /8)71-07

where 3 controls the contribution of expert behavior.

As training progresses and the learner becomes more reliable, 8 can be reduced.

2.5.8 Behavior Cloning and DAgger
Behavior cloning and DAgger solve related but distinct versions of the imitation-learning prob-
lem.

Behavior cloning trains on a fixed collection of expert demonstrations. It is simple, efficient,
and often provides a strong initial policy.

DAgger introduces an iterative data-collection loop in which learner-visited states are labeled
by the expert.

The advantage is that the dataset becomes better matched to the policy’s deployment distribu-
tion.

The disadvantage is additional operational cost. The expert must remain available during
training, and repeatedly running the policy on a physical robot can be expensive.

The distinction can be summarized as

behavior cloning: learn from expert-visited states,

versus

DAgger: learn from learner-visited states labeled by the expert.

2.5.9 Trajectory Distributions

The distribution-shift problem becomes clearer when imitation learning is described in terms of
complete trajectories.

A trajectory can be written as

T = (S0, a0, 51,01, - .., 5T).

Suppose the initial state follows

p(80)7
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the policy is

m(at|st),

and the environment dynamics are

p(se41lse, ag).

The policy and environment together induce the trajectory distribution

T-1

pr(r) = p(s0) [ [ m(asls)p(seralse, ar).
i=0

This equation reveals three sources of variation in a trajectory:

1. the initial state,
2. the actions selected by the policy,

3. the environment’s response to those actions.

Thus, changing the policy changes not merely the action distribution but the distribution of
entire future rollouts.

2.5.10 Local Imitation Error Versus Rollout Quality

Behavior cloning optimizes a local objective such as

mo(a|s) = 7 (als)

on states sampled from the expert dataset.

However, the quantity that ultimately matters in deployment is the quality of complete trajec-
tories generated by the policy.

Ideally, one would like

Prg(T) & Prg (7).
These two requirements are not equivalent.

A policy may achieve very small behavior-cloning loss,

ﬁBC ~ 07

on expert states while still producing trajectories that differ substantially from expert behavior.

The reason is again feedback. A small action difference changes the next state, which changes
the next policy input, and the trajectories gradually diverge.
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2.5.11 State-Visitation Distributions

The trajectory distribution induces a state-visitation distribution

dr(s).

Conceptually,

policy — trajectory distribution — state-visitation distribution.

This connects trajectory modeling directly to covariate shift.

The expert induces

Prp(T)
and therefore

dry (),
while the learned policy induces

Pry (T)
and therefore

dr, ().

Behavior cloning becomes fragile when these state distributions diverge.

DAgger attempts to reduce the practical consequences of this divergence by adding expert
supervision to states drawn from the learner’s own distribution.

2.5.12 Multimodal Trajectory Distributions

A second difficulty in robot learning is that many tasks have more than one valid solution.

Consider a robot attempting to reach and grasp an object. It may approach the object from
the left,

71 = left-side approach,

from the right,

T9 = right-side approach,
or by first lifting above an obstacle,
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73 = overhead approach.
All three trajectories may successfully accomplish the task.
The conditional trajectory distribution

p(7lo)
can therefore be multimodal.
This creates difficulty for simple deterministic regression.
Suppose two equally valid actions are
aj, = -1

and

arp = +1.

If a deterministic policy is trained using mean-squared error, the optimal prediction under equal
probability may be

a=0.

Yet 0 may correspond to a behavior that is invalid.

For instance, the two valid actions might represent moving around an obstacle from the left or
right, while their average corresponds to driving directly into it.

Therefore,
average of valid behaviors # necessarily a valid behavior.

This problem motivates policies that represent full action distributions rather than only their
conditional mean.

Examples include mixture models, autoregressive action models, diffusion policies, and flow-
matching policies.

2.5.13 One-Step Action Prediction

A conventional policy predicts one action at each timestep:

a; = (o).
Probabilistically, it models a conditional distribution such as
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platlor).

The policy is then queried again at the next timestep using the newly observed state.
This gives the controller frequent feedback and allows rapid reaction to environmental changes.

However, a one-step representation contains little explicit information about the temporal struc-
ture of future actions.

Many robot behaviors are naturally defined as coordinated sequences rather than isolated com-
mands.

2.5.14 Action Chunking

Action chunking changes the policy output from one action to a sequence of future actions:

Ay = lag, apq1, - G -1,

where H denotes the chunk horizon.

If an individual action has dimension d,, then

A; € RHXd“.

For example, suppose a manipulator uses a seven-dimensional action,

consisting of six end-effector motion components and a gripper command.

If the model predicts

H=16
future actions, then each inference produces

16 x 7 =112

continuous values.

The policy is no longer modeling only

plaglor),

but a short-horizon distribution more like

p(at:t+H—1 \Ot)-
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2.5.15 Temporal Structure in Action Chunks
Action chunking allows the policy to model correlations between future control commands.
Consider a grasping motion. A reasonable action sequence may be
approach — slow down — close gripper — lift.

These actions are not independent. The closing action should occur only after the hand reaches
an appropriate pose, and lifting should occur only after the grasp has been established.

Predicting the sequence jointly allows the model to represent these dependencies directly.

A one-step policy, by contrast, repeatedly solves a local decision problem. Temporal consistency
must emerge implicitly through the closed-loop interaction between successive predictions.

2.5.16 Action Chunking as Local Trajectory Modeling
An action chunk can be regarded as a short trajectory.
Instead of modeling
platloy),

the policy models

p(Atfor).
This perspective becomes particularly important for generative action policies.
For the same observation o;, a model may generate one valid chunk
AWM = left-side grasp,

or another

AP = right-side grasp.

Thus, action chunking creates a natural representation for multimodal short-horizon behavior.

Diffusion policies and flow-matching policies often operate on exactly this type of object: a
distribution over complete action chunks.

2.5.17 Reducing Myopic Behavior

One-step policies can sometimes behave myopically because they optimize only the immediate
next action.

Consider navigation around an obstacle.
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The locally attractive action may point directly toward the goal. Yet successful motion may
first require moving away from the goal:

move sideways — move forward.

A short action chunk can explicitly encode such temporal structure.

In this sense, action chunking introduces a limited form of trajectory-level reasoning even when
the policy does not contain a full planning algorithm.

2.5.18 The Open-Loop Limitation

Longer action chunks also create a new problem.

Suppose the policy predicts

[at, e 7&t+31]

and executes all 32 actions without observing the environment again.
During this interval, execution is effectively open-loop.

If an object moves, a grasp slips, or the dynamics differ from expectation, later actions in the
chunk may no longer be appropriate.

Increasing chunk length therefore introduces a tradeoff.

Longer chunks can improve temporal coherence and reduce the frequency of expensive model
inference, but they also reduce the frequency of closed-loop feedback.

2.5.19 Receding-Horizon Execution
A common solution is to predict a relatively long chunk but execute only part of it.
Suppose the policy predicts H actions,
At = [ata oo 7at+H71],

but executes only the first K, where

K < H.

The robot then acquires a new observation and predicts another chunk.

For example,

The procedure becomes
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observe — predict 32 actions — execute 4 — observe again — replan.
This is similar in spirit to receding-horizon or model-predictive control: plan farther into the
future than the controller actually commits to executing.

The result combines short-horizon trajectory coherence with feedback robustness.

2.5.20 Overlapping Chunks and Temporal Ensembling

If the model replans frequently, different action chunks overlap.
At time ¢, the model may predict

[al(ft)’ a’i(il_?la a1(31227 . ']a

while at time ¢ 4+ 1 it predicts

t41)  (t+1
[angl ),a§+2 ), o

There are now multiple predictions for the same future action.

These estimates can be combined. One weighted averaging rule is

K (t—Fk)
A > ko WkOy

ay — 7
2 k=0 Wk
This procedure is commonly referred to as temporal ensembling.

The weights wy, can be chosen so that newer predictions receive greater importance than older
predictions.

Averaging overlapping predictions can reduce high-frequency jitter and make execution smoother.

2.5.21 Action Chunking and Covariate Shift

Action chunking can improve temporal consistency, but it does not remove the distribution-shift
problem of imitation learning.

A chunked policy still controls the system. Its actions change future states, and those states
may drift outside the distribution represented in the demonstrations.

Thus, a chunked policy may still encounter observations satisfying

0 dr,.

DAgger and action chunking should therefore be understood as addressing different problems.
DAgger addresses which states the policy is trained on.

Action chunking addresses how future actions are represented and predicted.
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They can be used together.

For example, a DAgger-style procedure could collect learner-visited observations while an action-
chunk policy is trained to predict expert short-horizon trajectories from those observations.

2.5.22 A Unified View

Suppose an expert dataset contains trajectories

DE:{Tl,...,TN}.

Behavior cloning trains a policy

o

using observation—action pairs extracted from these trajectories.

Because the learner is imperfect, deployment induces a state distribution

dr,

that may differ from

drp.

This is the core covariate-shift problem.

DAgger addresses the mismatch by collecting states

5~ dr,

and requesting the expert action

*

a* =m7g(s).

The expanded dataset therefore contains examples from the learner’s own operating distribution.

At the same time, the temporal representation of the policy can be changed from one-step
prediction,

p(atlo),

to chunked prediction,

plags+m-1]o).

This gives the model access to short-horizon trajectory structure and makes it possible to
represent multiple coherent future behaviors.
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The broader goal of imitation learning can therefore be viewed as making the learner’s rollout
distribution resemble the expert’s:

P (T) = P (T)-

Behavior cloning attempts to achieve this indirectly through local supervised imitation.
DAgger improves the match between training and deployment state distributions.
Action chunking improves the representation of temporal action structure.

Distributional action models address the possibility that multiple different future trajectories
may all be valid.

2.5.23 Summary

Behavior cloning formulates imitation learning as supervised learning on expert observation—
action pairs. It is simple and effective when training and deployment observations are similar.

The difficulty is that a control policy changes the states it encounters. Small prediction er-
rors can push the system away from the expert state distribution, producing covariate shift and
compounding error.

DAgger addresses this problem by collecting states visited by the learner and obtaining expert
labels for those states. This teaches the policy how to behave not only under nominal expert
conditions but also in states created by its own mistakes.

The trajectory-distribution perspective explains why local imitation error is not sufficient to
characterize policy quality. Ultimately, a policy induces a distribution over complete trajectories,

T-1

pr() = p(s0) [ wlarlse)p(sesilse, ar),
i=0

and the deployment behavior of interest is determined by this rollout distribution.

Robot behavior is also frequently multimodal: several distinct action sequences may successfully
solve the same task. Deterministic regression can average these modes and produce an invalid
action.

Action chunking addresses temporal representation by predicting

Ay = [ag, ..., m-1)

rather than a single action. This allows the policy to model short-horizon trajectory structure,
reduces myopic behavior, and provides a natural representation for generative action models.

Chunked control is commonly combined with receding-horizon execution and temporal ensem-
bling to preserve feedback and improve smoothness.

The concepts therefore address complementary aspects of imitation learning:

behavior cloning — learn expert actions,
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DAgger — reduce learner—expert state-distribution mismatch,

and

action chunking — represent coherent short-horizon behavior.

Together, they provide a useful framework for understanding how modern robot policies move
from simple supervised imitation toward robust trajectory-level behavior.

2.6 Reinforcement Learning Fundamentals

Reinforcement learning studies sequential decision-making problems in which an agent interacts
with an environment, receives feedback in the form of rewards, and attempts to learn behavior that
maximizes long-term performance. Unlike supervised learning, where the desired output is usually
provided directly for each input, reinforcement learning must infer which actions are desirable from
their consequences over time.

This temporal dependence is the defining difficulty of reinforcement learning. An action may
produce little immediate reward but place the system in a state from which large future rewards
become possible. Conversely, an action that appears beneficial in the short term may lead to poor
outcomes later. Reinforcement learning therefore requires reasoning about both immediate and
delayed consequences.

A useful progression is

MDP/POMDP — value functions — Bellman equations — value-based and policy-based methods — actor—critic

Algorithms such as Proximal Policy Optimization (PPO) and Soft Actor-Critic (SAC) can then
be understood as particular actor—critic methods with different assumptions about data collection
and optimization.

2.6.1 Markov Decision Processes

The standard mathematical model for reinforcement learning is the Markov Decision Process
(MDP). An MDP is usually written as

M = (8? A7 P’ R7 7)7
where
e S is the state space,

e A is the action space,

e P(s'|s,a) is the transition distribution,
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e R(s,a,s’) defines the reward,

e v €[0,1) is the discount factor.

At time t, the agent observes the current state s;, chooses an action a;, receives reward r;, and
transitions to a new state sy41:

s¢ — ag — (14, S¢41)-

A stochastic policy is a conditional distribution

m(als),

and actions are sampled according to

ay ~ w(-|s¢).

The environment then evolves according to

st41 ~ P([st, ar).
The policy and transition dynamics together induce a distribution over complete trajectories of
states and actions.
2.6.2 Return and the Reinforcement-Learning Objective

The goal of the agent is not generally to maximize only the immediate reward r;. Instead, it
attempts to maximize the cumulative discounted return

o
k
Gt = Z"}’ Tt+k-
k=0

The discount factor v controls the relative importance of future rewards. If 7y is close to zero, the
agent behaves myopically and emphasizes immediate reward. If ~ is close to one, future outcomes
matter strongly.

The objective of reinforcement learning is therefore commonly written as

J(m) = Ez[Go].

The expectation is necessary because trajectories may be stochastic due to randomness in the
policy, the environment, or both.
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2.6.3 The Markov Property

The defining assumption of an MDP is the Markov property:

P(St.’.l’St,Gt, St—1,At—1, - - ) - P(St—l-l‘st’ at)'

This states that the current state s; contains all information needed to predict the distribution
of the next state once the current action is known.

The Markov property does not mean that history is irrelevant in the physical system. Rather,
it means that the state representation already summarizes the relevant history.

For example, consider a moving robot. If its state contains only position,

St = qt,

then the future may depend on an unobserved velocity, and the representation may not be
Markov. A richer state might be

st = (qt, G, object poses, object velocities).

Whether a representation is Markov therefore depends partly on which variables are included
in the state.

2.6.4 Partially Observable Decision Processes

Physical robots rarely observe the full state of the world directly. Cameras may be occluded,
object velocities may be unknown, and some relevant quantities may not be sensed at all.

Such problems are naturally modeled as Partially Observable Markov Decision Processes (POMDPs).

The underlying environment still has a latent state s;, but the agent receives an observation o;
generated according to an observation model

Oy ~~ O(’St)

A policy that acts only on the current observation has the form

m(at|ot).

However, a single observation may not contain enough information to make a good decision. A
more general policy can condition on observation and action history:

w(at ‘ O§t7a<t) .

This is especially important in robotics. A single image may reveal an object’s position but not
whether it is moving left or right. Several consecutive frames can provide the missing temporal
information.
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2.6.5 Belief States

In a POMDP, an ideal decision-maker maintains a belief state,

bi(s) =P (st =5 | o0<t,act).

The belief state is a probability distribution over possible hidden states given the available
history.

Although explicitly maintaining such a distribution can be difficult in high-dimensional systems,
modern neural policies often learn approximate latent state estimators. Recurrent neural networks,
Transformers, frame stacks, and latent-state models can all use history to construct an internal
representation that serves a similar role.

Thus, in embodied systems, it is often useful to interpret a history encoder as a learned approx-
imation to belief-state estimation.

2.6.6 State and Action Value Functions

A central idea in reinforcement learning is to assign numerical values to states and actions.

The state-value function of policy  is

VW(S) = Eﬂ [Gt ’ St — S] .

It represents the expected future return when the agent starts in state s and subsequently
follows policy .

The action-value function is

Q" (s,a) = Ex [Gy | st = s,a; = a].
It represents the expected return after taking action a in state s and then following .
The difference is therefore

V™ (s) = value of being in state s,

whereas

Q7 (s,a) = value of taking action a in state s.

These functions convert the long-term sequential objective into quantities that can be estimated
from local transitions.

2.6.7 Bellman Equations
Value functions satisfy recursive relationships known as Bellman equations.
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For a fixed policy ,

V™(s) = Eqr, s'mp [r(s, a,s’) + ”yV”(s’)] )

This equation follows directly from separating the current reward from all future rewards.

The same idea for the action-value function gives

Q" (s,a) =E [r + 1Ex Q" (s, d")] .

The conceptual structure is

current value = immediate reward + discounted future value.

Bellman equations are fundamental because they replace a potentially long-horizon return with
a one-step recurrence.

2.6.8 Bellman Optimality

The optimal state- and action-value functions are denoted by
V*(s)
and
Q*(s,a).
For the optimal action-value function,
Q*(s,a) =E |r + ymax Q*(s', a’)
U/,

The maximization expresses the assumption that the agent behaves optimally after reaching s’.

Once Q* is known, an optimal deterministic policy can be recovered using

7 (s) = arg max Q*(s,a).

This relationship motivates value-based reinforcement-learning methods such as Q-learning.

2.6.9 Temporal-Difference Learning

Bellman equations also motivate temporal-difference (TD) learning.

Suppose the agent observes a transition

(St, A, T't, 3t+1)-
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A one-step Q-learning target is

Yo =1+ 7 max Q(st41,0").

The temporal-difference error is

O =yt — Q(s¢,a¢).

The current estimate is therefore compared with a bootstrapped estimate containing the im-
mediate reward and the value of the next state.

The term bootstrapping refers to using one learned estimate to construct a target for another
learned estimate. This makes TD methods efficient, but it can also introduce instability if the
estimates are inaccurate.

2.6.10 Q-Learning

Q-learning attempts to learn the optimal action-value function directly.

In the tabular setting, its update is

Q(st, ar) = Qst,ar) + v |1y +ymax Qser1, ) — Qst, at)} ,
where « is the learning rate.
The term in brackets is exactly the TD error.
Once the Q-function has been learned, the policy is
7(s) = argmax Q(s, a).
a

Q-learning is an off-policy algorithm. The action actually taken during data collection may
come from an exploratory behavior policy, while the learning target uses the greedy action

max Q(s',d).

The behavior policy and target policy therefore need not be the same.

This makes Q-learning compatible with replay buffers and previously collected experience.

2.6.11 Deep Q-Networks

When the state space is too large for a table, the Q-function can be approximated by a neural
network:

Qo(s,a).

A Deep Q-Network (DQN) minimizes a Bellman-error objective of the form
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L(0) = (Qo(s¢,a1) — yt)Q»

where

Y =1+ 7 max Qo (141, d).

The parameters 6~ belong to a separate target network that is updated more slowly than the
primary network.

The purpose of the target network is to reduce instability caused by using a rapidly changing
function approximator to define its own targets.

2.6.12 The Difficulty of Continuous Actions

Value-based methods are particularly natural when the action space is small and discrete.

For example,

A = {left, right, forward, stop}

can be searched explicitly.

Robotic control often instead requires continuous actions such as

a= [7’1,...,7’7] €R7.

In this case, evaluating

max Q(s,a)

may require solving a continuous optimization problem at every decision step.

This difficulty motivates methods that represent the policy directly instead of recovering it
through maximization of a value function.

2.6.13 Policy Gradient Methods

Policy-gradient methods parameterize the policy directly:

mo(als).
The objective is
J(0) = Ernry [G(T)].
The policy-gradient theorem gives
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VoJ = E[Vglogmg(arls:)Q (st,ar)] .

The term

Vg log mg(at|s¢)

indicates how the parameters should change to make the sampled action more or less probable.
The value term determines whether that probability should increase or decrease.

Actions associated with high return receive positive reinforcement, while actions associated with
poor return become less likely.

2.6.14 REINFORCE

The simplest Monte Carlo policy-gradient algorithm is REINFORCE. It uses the observed
return directly:

VoJ =Y Vglogmg(ar|s)Gy.
t

Although conceptually simple, this estimator can have high variance.

For example, a trajectory may receive high total reward even though only a few actions were
responsible for the success. Weighting every action by a noisy trajectory return makes learning
statistically inefficient.

This motivates the use of baselines and learned value functions.

2.6.15 The Advantage Function

A common variance-reduction technique is to compare an action with the expected value of the
state in which it was selected.

The advantage function is

A" (s,a) = Q" (s,a) — V7™ (s).

It measures whether an action is better or worse than the policy’s usual expected outcome from
that state.

If

A" (s,a) >0,

the action performed better than expected and should become more probable.

If
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A" (s,a) <0,

the action performed worse than expected and should become less probable.

The policy gradient can therefore be written as

VoJ = E[Vglogmy(als)A™(s,a)].

Subtracting a suitable baseline does not change the expected gradient, but can substantially
reduce its variance.

2.6.16 Actor—Critic Methods
Actor—critic methods combine explicit policy learning with value-function estimation.
The actor
mo(als)

represents the policy and determines which action to take.

The critic

Vi (s)

or

Q¢(S, a)

estimates how desirable the actor’s states or actions are.

The actor can therefore be viewed as the component that makes decisions, while the critic
provides a learned evaluation signal.

A typical actor update contains a term such as
Vg log mg(as|s;) A,

where A, is an estimate of the advantage.

The critic is trained by minimizing an error such as

(V¢(St) - yt)2 .

Actor—critic methods are especially important for continuous-control problems because they
avoid explicitly maximizing Q(s, a) over all possible actions at every timestep.
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2.6.17 Advantage Estimation

One simple estimate of the advantage is the one-step TD error:

(St =1+ ’YV(St—&-l) — V(St).

This estimator has relatively low variance but may be biased when the learned value function
is inaccurate.

A widely used alternative is Generalized Advantage Estimation (GAE):

Ay =6+ (YN)de1 + (YN 26pq2 + -+ .
Equivalently,

o0

A= (W) G-

=0

The parameter A controls a bias—variance tradeoff.

Smaller values place more emphasis on short-horizon bootstrapped estimates, whereas values
closer to one incorporate longer-horizon return

2.7 Data Sources and Dataset Design for Robot Learning

The performance of a learned robotic system depends not only on the model architecture and
optimization procedure, but also on the data from which the model is trained. In robot learning, this
dependence is particularly strong because the data distribution determines which states, actions,
environments, and failure modes the policy has had an opportunity to observe. A highly expressive
policy cannot reliably infer behavior in regions of the state space that are poorly represented in its
training set.

Robot-learning datasets may be collected from several sources, including human teleoperation,
autonomous robot interaction, human video, simulation, and other synthetic processes. These
sources differ in what kinds of supervision they provide. Teleoperation gives direct correspondence
between observations and robot actions. Human video offers large-scale information about task
semantics, but usually lacks robot-specific control labels. Simulation provides inexpensive and
precisely labeled experience, although the simulated distribution may differ from the physical world.
Replay buffers and dataset sampling strategies further determine which of these experiences are
emphasized during optimization.

Consequently, dataset design is not simply a matter of collecting as many examples as possible.
It involves deciding which experiences should be collected, how they should be represented, and
how frequently they should appear during training.
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2.7.1 Demonstrations and Trajectories

A common unit of data in robot learning is the trajectory. A trajectory records the evolution
of observations and actions over time and may be written as

T = (09, ag, 01,01, . ..,0r,aT),

where o; denotes the observation available to the agent at time ¢, and a; denotes the correspond-
ing action. If the complete physical state of the system is available, the trajectory may instead be
written using s;:

T = (8070’07517&17 .. '75T7aT)-

Depending on the learning problem, additional quantities may also be associated with the
trajectory. These can include rewards r;, task instructions ¢, success indicators, contact labels, or
other auxiliary signals.

A demonstration dataset containing N trajectories can therefore be written as

D={n,m,...,7TN}

The term demonstration is often used when a trajectory is intended to illustrate useful or
task-relevant behavior. Importantly, however, a demonstration is not necessarily optimal. Human
demonstrations may contain hesitation, unnecessary motions, imperfect corrections, or complete
failures. A learned policy therefore tends to reproduce the statistical structure of the demonstrated
behavior rather than some abstract notion of the best possible behavior.

This distinction is important in imitation learning. If undesirable behaviors appear frequently
in the dataset, a sufficiently powerful imitation model may learn them along with the desirable
ones.

2.7.2 Behavior Cloning from Demonstrations

The simplest use of demonstrations is behavior cloning. In behavior cloning, a policy is trained
as a supervised learning model that predicts the demonstrated action from the current observation.

Let

mo(a | o)

denote a policy parameterized by 6. For deterministic continuous actions, a common training
objective is

£80(0) = E(payon [Im0(0) — all3]

The policy is therefore encouraged to produce an action close to the demonstrated action.

For stochastic or discrete-action policies, behavior cloning is commonly formulated as maximum
likelihood:
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Lpc(0) = —Eq)~p [logmg(a | 0)] .

In both cases, the training signal comes directly from the demonstration dataset. This makes
behavior cloning simple and stable, but it also means that the resulting policy is strongly shaped
by the quality and coverage of that dataset.

2.7.3 Dataset Quality, Diversity, and Coverage

Three closely related properties are useful when reasoning about robot-learning datasets: qual-
ity, diversity, and coverage.

Dataset quality describes how desirable or correct the recorded actions are. A dataset containing
smooth, successful, and deliberate demonstrations usually provides a cleaner supervision signal than
one dominated by operator errors or failed trials.

Diversity describes variation across the dataset. This may include variation in objects, lighting,
camera viewpoints, task instructions, initial conditions, robot poses, environments, and strategies
for solving a task. Diversity is particularly important when the learned policy will be expected to
generalize beyond a narrow training setup.

Coverage refers to the extent to which the relevant state and action spaces are represented. A
dataset may contain a large number of examples while still having poor coverage. For example,
a manipulation dataset may contain millions of observations of successful grasps but almost no
examples of recovery after a missed grasp.

The three properties are related but not interchangeable. A small dataset can have high quality
but insufficient coverage. Conversely, a very large dataset can have broad coverage but contain
low-quality demonstrations. Generalization depends on the combination of these properties rather
than on dataset size alone.

2.7.4 Teleoperation as a Source of Robot Data

Teleoperation is one of the most direct methods for collecting robot demonstrations. A human
operator controls the physical or simulated robot using an interface such as a joystick, spacemouse,
VR controller, motion-capture system, or leader robot. While the operator performs the task, the
system records the robot’s observations and actions.

For a manipulation system, the observation might include an RGB image I;, robot joint config-
uration ¢, and gripper state g;:

ot = (Itv%gt)-

The corresponding action might be expressed as a relative end-effector command,

ay = (A.’Z’t, Ayh A2t7 ATt, gt+1)7

where the translational and rotational increments define the desired motion and gy4+1 controls
the gripper.
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The principal advantage of teleoperation is that the robot observation and the executed action
are naturally aligned in time. The resulting pairs

(ot, ar)

can therefore be used directly for behavior cloning.

This property distinguishes teleoperation from ordinary human video. A video of a person
performing a task may reveal what happened, but it does not directly specify which actuator
commands a robot should produce.

2.7.5 Noise and Bias in Teleoperation

Teleoperation should not be treated as a perfect source of expert behavior. Human operators
often overshoot targets, pause unnecessarily, make corrective motions, or compensate for delays
in the control interface. Some behaviors may reflect the peculiarities of the teleoperation device
rather than the strategy that an autonomous robot should ideally execute.

As a result, the teleoperation action distribution

pteleop(a ’ 0)

may differ from the action distribution desired at deployment.

Practical datasets are therefore often processed before training. Trajectories may be segmented
into individual tasks, synchronized across sensors, filtered for quality, labeled as successful or un-
successful, or smoothed to reduce control noise. The preprocessing stage can substantially affect
the final policy because it determines which parts of the recorded experience remain in the training
distribution.

2.7.6 Learning from Human Video

Human video provides a very different type of supervision. Large-scale video collections may
contain people interacting with objects, manipulating tools, opening doors, preparing food, and
performing many other tasks relevant to robotics.

Such data contain rich semantic information. From a video of someone opening a drawer, a
model may learn that the handle is the relevant interaction point, that grasping precedes pulling,
and that the desired final state is an open drawer.

However, human video does not normally provide robot control labels. It does not specify the
robot’s joint configuration,

[Q17° . '7Q7L]7

its actuator torques,

[T1, -y Tnl,
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or the precise end-effector commands required for execution.

Human video is therefore more naturally interpreted as supervision about the structure and
semantics of a task than as direct supervision of robot motor commands.

2.7.7 The Embodiment Gap

The difficulty of transferring behavior from humans to robots is often described as the em-
bodiment gap. Humans and robots differ in morphology, kinematics, sensing, control frequency,
force capability, reachability, and compliance. Even when a human and robot accomplish the same
semantic task, the physical trajectories used to do so may be very different.

For example, human video may reveal that opening a drawer involves the sequence

locate handle — grasp handle — pull outward.
This sequence captures the task structure. It does not determine the robot-specific grasp pose,
joint configuration, force profile, or motion trajectory.

It is therefore useful to distinguish two forms of knowledge:

human data —  what should happen,

and

robot data —  how this robot can make it happen.

This distinction explains why large-scale human data and comparatively small robot datasets
can be complementary rather than redundant. Human data can supply broad semantic priors,
while robot data ground those priors in the robot’s own action space.

2.7.8 Synthetic Data and Simulation

Synthetic data are generated by an artificial process rather than collected directly from real-
world human or robot interaction. In robotics, physics simulation is one of the most important
synthetic data sources.

A simulator can produce complete trajectories together with quantities that may be difficult
or expensive to measure in the physical world. These can include RGB images, depth maps,
segmentation masks, contact states, forces, rewards, and exact object poses.

For example, the simulator may directly provide the six-degree-of-freedom pose
T; € SE(3)

of every object in the environment. In the real world, obtaining the same quantity would require
perception, motion capture, or another estimation system.

Simulation is therefore especially valuable when precise labels are required at large scale.
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Another advantage is that simulated interaction can be parallelized. Thousands of simulated
environments may generate experience simultaneously, allowing data collection at rates that would
be impractical with physical robots. Simulation also makes it possible to create rare or dangerous
scenarios without risking hardware.

2.7.9 The Sim-to-Real Gap

The usefulness of simulation is limited by the fact that simulated and physical environments
are not identical.

Let

Psim (33)

denote the distribution of observations and experiences produced in simulation, and

preal(x)

the corresponding real-world distribution. In general,

Psim (l') 7& DPreal (x) .

This discrepancy is known as the sim-to-real gap.

The gap can arise from inaccuracies in rendering, contact mechanics, actuator dynamics, fric-
tion, compliance, sensor noise, latency, and many other factors. Even small modeling errors can
become important if a learned policy discovers behavior that exploits simulator-specific properties.

For this reason, simulation is better understood as a source of inexpensive and controllable
experience than as a perfect replacement for real-world data.

2.7.10 Domain Randomization

One common method for reducing sensitivity to simulation inaccuracies is domain randomiza-
tion. Instead of training in a single fixed simulated environment, properties of the simulation are
varied across episodes.

Randomized parameters may include lighting, texture, object geometry, camera position, fric-
tion, mass, actuator parameters, sensor noise, and initial conditions.

The objective is not necessarily to make any one simulation perfectly realistic. Instead, the goal
is to make

Psim (CC)

broad enough that the physical deployment distribution lies within, or close to, the range of
variations encountered during training.

The intuition is that a policy which succeeds under many simulated variations is less likely to
depend on a simulator-specific feature that disappears in the real world.
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2.7.11 Other Forms of Synthetic Data

Synthetic data are not limited to physics simulation. Procedural generators can create object
configurations, environments, and task variants. Generative models can produce images, language
instructions, or candidate trajectories. Language data can also be augmented through paraphrasing.

For instance, an instruction such as

Pick up the red cup.

might be augmented with semantically equivalent instructions such as

Grab the red mug.

or

Lift the red cup from the table.

Such augmentation changes the linguistic distribution seen during training and may improve
robustness to phrasing at deployment.

2.7.12 Replay Buffers

In reinforcement learning, interaction data are often stored in a replay buffer. A basic replay
buffer contains transitions of the form

(8t7 Qat, Tt, 8t+1)7

possibly together with termination indicators, task identities, success labels, or auxiliary sensor
information.

Let the replay buffer be denoted by

B.

Training samples can then be drawn according to

(s,a,r,s') ~ B.

The replay buffer separates data collection from parameter updates. Rather than learning only
from the newest transition, the algorithm can repeatedly reuse earlier experience.
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2.7.13 Why Experience Replay Is Useful

Experience replay has two important effects.

First, it improves sample efficiency. A transition obtained from an expensive physical interaction
can contribute to multiple gradient updates rather than being discarded after one use.

Second, it reduces temporal correlation between training examples. Consecutive states in a
trajectory are usually highly correlated:

St = St41-

If optimization repeatedly uses consecutive transitions, successive minibatches may contain very
similar information. Random sampling from a replay buffer mixes transitions collected at different
times and in different episodes, producing a more diverse stochastic gradient estimate.

Replay buffers are especially natural in off-policy algorithms such as Q-learning and Soft Actor-
Critic because these methods can learn from experience generated by policies other than the current
policy.

2.7.14 'Trajectory Replay

For sequence models, a single transition may not contain enough context. Recurrent policies,
Transformers, and action-chunking policies often require a temporal window.

The replay unit may therefore be a subsequence such as
Tt:t+H — (0t7 Aty .. 70t+H7 at-i—H)'

Sampling entire windows preserves the temporal dependencies needed for learning motion, ve-
locity, multi-step behaviors, and other sequential structure.

2.7.15 Replay Buffers and Offline Datasets

A replay buffer should be distinguished from an offline dataset.

A replay buffer normally changes while learning proceeds. If B; denotes its contents at training
time ¢, then

Bi — Bi+1
as new experience is added and possibly old experience is removed.
An offline dataset, by contrast, is fixed before training begins:
Domiine = constant.

The policy cannot collect new environment interactions to correct weaknesses in the dataset.
Consequently, the quality and coverage of an offline dataset are particularly important.
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2.7.16 Dataset Imbalance

Large robot datasets are rarely balanced. Some tasks may appear millions of times, whereas
others may have only a few thousand examples. Similarly, long stretches of ordinary free-space
motion may dominate rare events such as grasp transitions, collisions, corrective maneuvers, or
recovery behavior.

Suppose task k£ contributes njy examples. If individual examples are sampled uniformly from
the raw dataset, then the probability that a training example belongs to task k is

23

P(k) ==

Consequently, tasks with more recorded examples contribute proportionally more gradient up-
dates.

This is not necessarily undesirable. If the raw dataset accurately reflects the distribution en-
countered at deployment, such sampling may be appropriate. However, it can cause rare tasks or
rare but safety-critical events to contribute very little to the training objective.

2.7.17 Task Balancing

One alternative is to sample tasks uniformly:

1

P = 1.

where K is the number of tasks.

This removes the influence of dataset size, but may give excessive weight to tasks represented
by very small datasets.

A useful interpolation between raw-frequency sampling and uniform task sampling is

P(k) x nj, 0<a<l

When

a=1,

sampling follows the raw dataset frequency. As

a— 0,

the sampling distribution approaches uniform weighting across tasks.

The parameter « therefore controls how aggressively large tasks are downweighted relative to
small tasks.
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2.7.18 Balancing Rare Events

Balancing may also be performed according to event type rather than task identity.

Consider a dataset in which 95% of episodes are successful and only 5% contain failures. If
samples are drawn uniformly, the optimizer sees relatively few examples of how the robot behaves
near failure states.

However, these states may be precisely the ones in which robust recovery behavior is most
important.

One may therefore oversample examples containing

e failures,

e collisions,

e grasp transitions,

e contact events,

e corrective actions,

e recovery behavior.

The appropriate sampling distribution depends on the objective. Rare events need not be sam-

pled according to their natural frequency if their consequences at deployment are disproportionately
important.

2.7.19 The Effective Training Distribution

Sampling and weighting modify the distribution actually seen by the optimizer.
Suppose the collected dataset follows

pdata(x)-

If an example z is assigned sampling weight w(z), then the effective training distribution is
proportional to

’ptrain (513) X w(w)pdata(x)- ‘

This equation is important because it shows that dataset balancing is not merely an implemen-
tation detail. It changes the statistical objective being optimized.

The model is not trained on the raw dataset distribution unless
w(x) = constant.

Every choice of oversampling, undersampling, prioritization, or task reweighting changes which
regions of the experience space contribute most strongly to learning.
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2.7.20 Training Distribution and Deployment Distribution

Ideally, the training data should provide sufficient support for the conditions encountered during
deployment.

Let

T ~ Ptrain (CC)

denote training experiences and

T ~ Pdeploy (:L‘)

denote deployment experiences.

If the deployment distribution contains states that are rarely or never represented under piyain,
the policy must operate out of distribution.

This observation suggests an important principle of robot dataset design: coverage should
include not only nominal task execution, but also states created by disturbances, mistakes, envi-
ronmental variation, and recovery.

The desired training distribution is therefore not always identical to the naturally collected
distribution. Dataset design often requires deliberately increasing representation of states that are
rare in collected data but important for robust deployment.

2.7.21 Combining Data Sources

Modern robot-learning systems often combine multiple data sources because no single source
provides all of the required information.

A useful conceptual decomposition is

Human video — semantic and task knowledge,
teleoperation — robot-specific action supervision,
simulation — large-scale controlled variation,

autonomous interaction — states induced by deployed policies.

These sources may then be filtered, segmented, labeled, and sampled to construct the final
training distribution.

The resulting pipeline can be written abstractly as

Raw Experience — Curation — Sampling — pipain — Optimization — my.

This perspective highlights an important fact: the learner never sees “the dataset” in an abstract
sense. It sees a sequence of minibatches generated by the collection and sampling procedure.
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2.7.22 Dataset Design as Part of the Learning Algorithm

Dataset design is sometimes treated as separate from model design, but in large-scale robot
learning the two are closely coupled.

Changing the model architecture changes which forms of data can be exploited. For example,
temporal models can make use of trajectory windows that would be invisible to a single-frame policy.
Conversely, changing the dataset distribution changes which behaviors the model is encouraged to
represent.

A policy trained mainly on successful nominal behavior may become highly accurate in nominal
states but fragile under disturbance. A policy trained on a more diverse collection containing
corrective actions and failure recovery may have slightly more difficult optimization but greater
deployment robustness.

Thus, the final learned behavior depends jointly on

model capacity, training objective, data distribution.

In practice, these should be designed together.

2.7.23 Summary

Robot-learning datasets are composed of trajectories containing observations, actions, and po-
tentially rewards, task descriptions, and auxiliary labels. Demonstrations provide direct supervision
for imitation learning, but their usefulness depends on their quality and coverage.

Teleoperation is particularly valuable because it yields robot-specific observation-action pairs,
although operator noise and interface bias can enter the data. Human video provides vastly larger-
scale semantic information but suffers from an embodiment gap because human actions do not
directly map to robot control commands.

Simulation and other synthetic sources provide inexpensive and precisely labeled data, but
introduce a sim-to-real distribution gap. Domain randomization attempts to improve transfer by
deliberately broadening the simulation distribution.

Replay buffers improve sample efficiency and reduce temporal correlation by reusing previously
collected interaction data. Finally, dataset balancing determines the effective distribution presented
to the optimizer. If raw data follow pgata(z) and examples are sampled with weight w(x), then the
learner effectively trains under

Ptrain ($> X w (x)pdata(x) .

The central lesson is that the behavior of a learned robot is shaped not simply by the number
of examples available, but by the distribution of experience that reaches the optimizer. Dataset
quality, diversity, coverage, and sampling strategy are therefore fundamental components of robot-
policy design.
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2.8 Evaluation Under Distribution Shift

A learned robotic policy is useful only to the extent that it performs reliably on the distribution
of situations encountered at deployment. Evaluating such a policy therefore requires more than
measuring average performance on a held-out subset of the same dataset used for training. In em-
bodied systems, changes in environment, object appearance, robot state, camera viewpoint, task
specification, or dynamics can move the system away from the training distribution. A useful eval-
uation methodology must explicitly characterize this distribution shift and measure both nominal
task performance and robustness to unfamiliar conditions.

2.8.1 Training and Test Distributions

Let the training data be drawn from a distribution

(%,Y) ~ Prain(, ),

where x denotes the model input and y denotes the target output. In robot learning, x may
contain observations, language instructions, proprioceptive state, or complete trajectory histories,
while y may represent actions, action chunks, rewards, or task outcomes.

Evaluation data are drawn from

(xy y) ~ ptest(xa y)

The simplest evaluation setting assumes

Dtest ($, y) ~ ptrain(x7 y)

This is commonly referred to as an independent and identically distributed, or 1ID, evaluation
setting. The test examples are different from the training examples, but they are assumed to
originate from approximately the same underlying distribution.

For example, suppose a manipulation dataset contains mugs placed randomly on a table, with
object position sampled according to
(xmugy ymug) ~ Dtrain-

A conventional test set may use previously unseen mug placements sampled from the same
distribution. Such a test measures generalization to unseen examples but does not necessarily
measure generalization to qualitatively new conditions.

In deployment, it is common for

Pdeployment 7& Ptrain-

This discrepancy is called distribution shift. Distribution shift may occur in the visual inputs,
robot dynamics, task distribution, action consequences, or combinations of these factors.
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A useful distinction is between changes in the input distribution and changes in the underlying
relationship between inputs and desired outputs. In classical covariate shift,
ptrain(x) 7é Dtest (x)a

while approximately

Ptrain (y|96') = Ptest (y!ﬂf)

For example, a robot may encounter a mug of an unfamiliar color, even though the correct
grasping behavior remains essentially unchanged.

A more difficult form of distribution shift occurs when

Ptrain (y‘x) 7& Dtest (y’.’L‘)

This can occur if system dynamics or task semantics change. For instance, the same commanded
gripper motion may have different consequences if the robot carries a heavier payload or if actuator
dynamics differ from those present during training.

2.8.2 In-Distribution and Out-of-Distribution Evaluation

An input is generally described as in-distribution if it is reasonably consistent with the support
of the training distribution. An out-of-distribution input lies outside, or in a sparsely represented
region of, that distribution.

If

& ~ Ptrain (.f(}) 5

then z is nominally in-distribution. If instead

x ~ poop(x),

where poop differs significantly from the training distribution, the example is considered out-
of-distribution.

Out-of-distribution evaluation should not be interpreted as a single test. There are many
possible forms of OOD shift, and a system may generalize well to some while failing catastrophically
on others.

For a robotic manipulation system, possible OOD dimensions include

e novel object instances,
e novel object categories,

e unfamiliar textures or colors,
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e different illumination,

e changes in camera viewpoint,

e novel backgrounds or clutter,

e unseen object poses,

e unfamiliar language instructions,
e changes in payload or friction,

e sensor corruption,

e actuator delay,

e changes in robot embodiment,

e combinations of several simultaneous shifts.

It is therefore useful to define explicit evaluation distributions. For example,

PIiD

may contain familiar object categories and environments, while

POOD ,obj
contains unseen object instances,

POOD,view
contains novel camera viewpoints, and

POOD,dyn

contains altered system dynamics.

This decomposition provides considerably more information than reporting a single ‘OOD ac-
curacy” or ‘OOD success rate.”

2.8.3 Generalization Across Increasing Distribution Shift

One useful evaluation methodology is to construct several levels of distribution shift. For
example,

Dy = nominal test distribution,

D1 = moderate visual variation,
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Dy = unseen object configurations,

D3 = combined visual and dynamics shift.

The policy can then be evaluated using

S(D;),

where S denotes task success under distribution D;.

The degradation

A; = S(Do) — S(Dy)

measures sensitivity to a particular degree of distribution shift.

A model with slightly lower nominal performance but smaller degradation under shift may
be preferable to a model that achieves near-perfect IID performance but fails sharply outside the
training distribution.

2.8.4 Task Success Metrics

For many robotic tasks, the most interpretable metric is the task success rate. Given N evalu-
ation episodes, define

1, if episode i succeeds,
S; = X
0, otherwise.

The empirical success rate is

- 1
S:NZSZ

i=1
If 83 out of 100 manipulation attempts succeed, then

S =0.83.

Success criteria should be defined operationally before evaluation. For example, “pick up the
object” may require that the object remain above the table for at least a specified duration rather
than merely making temporary contact with the gripper.

Binary task success is often insufficient by itself. Additional metrics can reveal how and why
the system succeeds or fails. Depending on the task, useful quantities include

e completion time,
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e number of control steps,

e path length,

e final pose error,

e grasp stability,

e collision count,

e peak contact force,

e energy consumption,

e number of replanning events,

number of human interventions.

For a target pose T* and achieved pose T, translational error may be measured as

ep = llp = p*|l2.

Rotational error may be measured using the relative rotation

Rey = R*TR

and the corresponding angle

1 [ tr(Rer) — 1
€R = COS 1<(ez)>

These continuous metrics provide useful information even when the final task result is repre-
sented by a binary success variable.

2.8.5 Conditional Success Rates

An overall success rate can hide substantial differences across task categories. Suppose a policy
is evaluated on several task groups ¢. The conditional success rate is

S. = P(success | c).

For example,

Spicka Splacea Sdrawer» Spour

may differ considerably.

The same decomposition can be performed over object categories, environments, robot config-
urations, or OOD conditions. A model whose average success is high may still have severe blind
spots if one subgroup has significantly lower performance.
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A useful aggregate metric is the worst-group success rate,

Sworst = chin Se.

This quantity provides a simple measure of whether performance is concentrated in easy or
overrepresented subsets of the evaluation distribution.

2.8.6 Robustness

Robustness refers to the degree to which performance is preserved under perturbations, uncer-
tainty, noise, or distribution shift.

Let

fo(x)

denote the learned policy and let

=x496

represent a perturbed input. A robust policy should ideally produce behavior that remains
appropriate for perturbations § within a relevant set of disturbances.

In robotics, robustness should be evaluated at the system level rather than only through small
perturbations of neural network inputs. Relevant perturbations include sensor noise, object dis-
placement, latency, external forces, inaccurate calibration, and imperfect actuation.

For a perturbation magnitude ¢, define an evaluation distribution

pe()

containing environments with perturbations of approximately that magnitude. The resulting
robustness curve can be expressed as

S(e) = P(success | €).

A robust system exhibits graceful degradation:

S(e)

decreases gradually as perturbations become more severe, rather than collapsing immediately
after departing from nominal conditions.

A useful summary metric is the relative robustness




A value

R(e) =~ 1

indicates little performance degradation under the specified perturbation.

2.8.7 Perturbation and Recovery Tests

Closed-loop robotic systems should also be evaluated on their ability to recover from unexpected
disturbances.

Consider a manipulation trajectory

7 = (00, a0, - -.,07,ar).

At some time t,,, an external perturbation may be introduced, such as moving the target object,
perturbing the robot arm, or temporarily occluding the camera.

The evaluation then measures whether the policy can return to a successful trajectory without
external assistance.

Possible recovery metrics include
P(recovery | perturbation),

time to recovery,

Trecover )

and additional trajectory cost caused by the disturbance,

AC = Cperturbed - C’nominal'

Recovery tests are especially valuable because a policy may perform well when initialized near
expert trajectories but fail to return to the task manifold after small deviations.

2.8.8 Intervention Rate

For systems deployed with human supervision, task success alone may substantially overestimate
autonomy. A robot may complete nearly every episode but require frequent human correction.

Let I; denote the number of human interventions during episode i. A simple intervention rate
per episode is

1 N
R = 5 2 L
=1
Alternatively, if total operating time is T,
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. Ninterventions

Rint,time - T
For continuously deployed systems, one may report interventions per hour,

N; interventions

Thours

Rint,hour -
Another useful quantity is the fraction of episodes requiring at least one intervention:

I >0
P oL |

Intervention rate is particularly important when comparing partially autonomous systems. Two
policies may both achieve

95%

task completion, but one may require a human correction every few minutes while the other
runs autonomously for several hours.

2.8.9 Intervention Severity

Not all interventions are equivalent. A useful evaluation scheme may distinguish between

e minor corrections,

trajectory resets,

task restarts,

safety-critical takeovers.

A weighted intervention cost can be defined as

M
Cint = § w;l;,
i=1

where I; denotes the number of interventions of type j and w; represents their severity.

For example, a brief waypoint correction may have a small cost, while an emergency stop may
have a much larger cost.

This provides a better measure of operational autonomy than treating every intervention iden-
tically.
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2.8.10 Success Without Intervention

For real autonomous systems, an especially informative metric is the probability of completing
a task without human assistance:

Sautonomous = P (success N no intervention).

This differs from ordinary task success,

S = P(success),
because an episode recovered by human takeover may count as successful operationally but
should not be counted as autonomous success.

The distinction becomes increasingly important for long-horizon tasks, where human assistance
can conceal substantial weaknesses in the learned policy.

2.8.11 Long-Horizon Reliability
Per-action or per-subtask success rates can be misleading when tasks contain many sequential
stages.

Suppose a system must successfully complete K independent stages, each with success proba-
bility

p.
The complete task success probability is
Pragx = pK'

For example, if

p=0.98
and

K =50,
then

Piask = 0.98%° ~ 0.364.

Thus, seemingly strong local reliability may still produce poor long-horizon autonomy.

For this reason, embodied systems should be evaluated not only on individual skills but also on
complete multi-stage tasks and extended deployment periods.
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A related operational metric is mean time between interventions,

MTBI = Toperation

Ninterventions

Larger values indicate longer periods of sustained autonomous operation.

2.8.12 Robust Evaluation Protocols

A strong evaluation protocol should separate several distinct questions.

First, in-distribution generalization asks whether the model performs well on unseen examples
sampled from conditions similar to training.

Second, systematic OOD evaluation asks how performance changes when one or more factors
differ from the training distribution.

Third, robustness evaluation introduces controlled disturbances or noise and measures graceful
degradation and recovery.

Fourth, autonomy evaluation measures how frequently external intervention is required during
extended operation.

An evaluation suite might therefore report

Sip,
S00D,0bj>
SOOD,enV;
SOOD,dym
Sperturbeda

along with

Rint 5 S, autonomous MTBI.

Together, these quantities provide a substantially more complete characterization of system
behavior than a single average success rate.

2.8.13 Statistical Uncertainty

Reported evaluation metrics should also include uncertainty. If NV independent episodes are
evaluated and S is the observed success rate, an approximate standard error is
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S(1-25)

SE(S) = ~

A model evaluated on only a small number of episodes may therefore have a highly uncertain
success estimate.

For example, observing nine successes out of ten trials,

S =0.9,

does not provide the same statistical evidence as observing 900 successes out of 1000 trials, even
though the reported success rate is identical.

This consideration is particularly important in robotics, where physical experiments are expen-
sive and evaluation sets are often small.

2.8.14 Evaluation as Distribution Design
The central principle is that evaluation is fundamentally a problem of specifying distributions.

Training occurs under some distribution

Ptrain,

while the system is ultimately required to perform under a deployment distribution

Pdeploy -

An evaluation suite defines one or more intermediate distributions

1 @) (K)
Pevalr Pevals « + + » Peval

designed to probe relevant aspects of this gap.

A useful evaluation should therefore answer not only

“What is the average success rate?”

but also
“Under which distributions does the policy succeed?”
“How rapidly does performance degrade as conditions change?”

and
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“How often must an external agent intervene when the policy encounters unfamiliar states?”

For embodied systems, these questions are often more informative than nominal test-set perfor-
mance because deployment necessarily exposes the policy to conditions that cannot be represented
exhaustively in the training data.
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